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' Abstract. Given an exact symplectic manifold AI and a support Lagrangian A C 

\^ M, we construct an oo-category Lag^{M) which we conjecture to be equivalent (after 

specialization of the coefBcients) to the partially wrapped Fukaya category of M 
relative to A. Roughly speaking, the objects of Lag^{M) are Lagrangian branes inside 
of M X T*R", for large n, and the morphisms are Lagrangian cobordisms that are 
^ non-characteristic with respect to A. The main theorem of this paper is that Lag^(M) 

is a stable oo-category, or equivalently its homotopy category is triangulated, with 
^Sl mapping cones given by an elementary construction. In particular, its shift functor 

04 is equivalent to the familiar shift of grading for Lagrangian branes. 
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1. Introduction 

This paper introduces a stable theory of Lagrangian cobordisms in exact symplectic 
manifolds. Fukaya categories |FOOQ09llS08| provide a geometric (or analytic) approach 
to quantum symplectic geometry, while deformation quantization [D L831 IF94t IK03| 
provides an algebraic approach. We hope that Lagrangian cobordisms will provide a 
missing topological (or homotopical) viewpoint. By their nature, Lagrangian cobor- 
disms involve the intuitive geometry of Lagrangian submanifolds and the flexibility 
of Hamiltonian isotopies. They also bypass unnatural choices of coefficients and the 
challenging partial differential equations of pseudo-holomorphic disks. Our inspira- 
tions include Floer's original vision |F188a[ lF188bl lFl89] of Morse theory of path spaces, 
the notion of non-characteristic propagation |KS84| IGM88[ IN09j and the homotopical 
setting of stable oo-categories |LTop06[ [0X^11 . 



Given an exact symplectic target M equipped with a (not necessarily smooth or 
compact) support Lagrangian A C M, we construct an oo-category Lagf^{M) whose 
objects are Lagrangian branes inside of M x T*W^, for large n, and whose morphisms 
are Lagrangian cobordisms that are non-characteristic with respect to A. Our main 



result states that Lag^(M) is a stable oo-category (Theorem 1.1.14) with concretely 
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realized mapping cones (Theorem 1.1.16). In the rest of the Introduction to follow, we 
outline the construction of Lag^(M) and the proof of our main result. We conclude 
the Introduction with the discussion of a sequence of motivating conjectures centered 
around the following topics: 

(1) Calculation of Lagpj(pt) (conjectures of Section 1.2.1). 

(2) Relation of Lagx(T* X) to modules over chains on the based loop space of X, 
and more generally, for conic A C T*X, relation of Lag^(T*X) to constructible sheaves 
on X (conjectures of Section [1.2.2 ). 

(3) Gluing together Lag^(M) from the assignment U i— Lag(yp|^(C/) for appropriate 
open sets U C M (Conjecture 1.2.17). 

(4) Relation of Lag^(M) to the partially wrapped Fukaya category of M with respect 
to A (see Conj ect ure 1 1 . 2 . 1 8 ) . 



1.1. Main constructions. It is possible that Lagrangian cobordisms could be prof- 
itably considered in a diverse range of settings. There is a long history of the sub- 
ject [X7801 rSl85l EaISTI lArJNoOll IChOTl lE84) with many recent advances [03 \Co\ . 
We will restrict to a geometric setup (which we learned from the well-known refer- 
ences |EG91t [E97j ) where we have some intuition for the situation. 

Throughout this paper, M will be an exact symplectic manifold, with symplectic form 
u)M, fixed primitive um = d6M, and Liouville vector field Zm defined by ujm{Zm, — ) = 
Om{—)- It is a useful level of generality to assume that Zm is complete, and so the flow 
generated by Zm provides an M>o-action on M. We will use the term dilation to refer 
to the M>o-action, and the term conical to refer to sets that are M>o-invariant. 

Example 1.1.1. Here are some examples of the exact symplectic manifolds we have 
in mind (roughly speaking, the first is a mildly degenerate instance of the second): 

(1) Cotangent bundles: fix a smooth (not necessarily compact) base manifold X, and 
let M = T*X be its cotangent bundle equipped with 9m the canonical one- form. The 
Liouville vector field Zm generates the fiberwise dilation. More generally, we could 
take a conical open subset U C M = T*X. 

(2) Weinstein manifolds: suppose M admits a proper, bounded-below Morse function 
/i : M — 7- M such that Zm is gradient-like with respect to h. Such data naturally 
arises when M C C" is a Stein or smooth affine complex variety: one can take h to 
be a perturbation of the restriction of the standard unitary norm on C", and 9m to 
correspond to the gradient of h via the symplectic form. More generally, we could 
consider a conical open subset U C M. 

To control the noncompact nature of M, it is useful to assume various taming hy- 
potheses near infinity. We refer the reader to Section [2] below for the approach we adopt 
in this paper (though no doubt there are worthwhile alternative approaches depending 
on the application). In particular, we assume M is the interior of a manifold with 
corners M so that the closures in M of any two disjoint conical subsets of M continue 
to be disjoint. Some convenient notation: we will write M°° = M\M for the boundary 
of M, and given a subset A C M, we will write A for the closure of A inside of M, and 
A"^ = ^\A = Ar\ M°° for the part of ]4 lying in the boundary . 
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We will also work with background structures enabling us to speak about Lagrangian 
submanifolds of M equipped with brane structures. 

1.1.1. Lagrangian cobordisms. Roughly speaking, cobordisms are manifolds X with 
boundary dX = Xin ]J Xout the disjoint union of an incoming and outgoing manifold. 
They naturally arise when one cuts global manifolds into simpler local pieces or studies 
algebraic structures in a homotopical context. For these and other reasons, cobordisms 
are now ubiquitous in algebraic topology, representation theory, mathematical physics, 
and many other areas of current interest. Our viewpoint on them is most influenced 
by topological field theory and specifically gauge theory, where one finds a striking 
synthesis of abstract formalism and concrete applications. 

We will study cobordisms for which the boundary manifolds are Lagrangian branes 
in the exact symplectic manifold M. More precisely, we will consider (closed but not 
necessarily compact) exact graded Lagrangian submanifolds L C M equipped with a 
function / : L — t- M realizing the exactness in the sense that 9\l = df, and a function 
a : L — 7- M realizing the grading, and a relative pin structure q. To control the possibly 
noncompact nature of L, we will always assume taming hypotheses as discussed in 
Section [2j All in all, the basic object of study is the quadruple L = {L, f,a^q), but 
we will sometimes abuse notation and denote it by L alone (the possible primitives 
/ : L — >■ M form a torsor for H^{L, M), and the moduli of the other data is a torsor for 
a discrete group). 

Our cobordisms will be represented by Lagrangian branes in the exact symplectic 
manifold M x T*Mt. Here we write both to denote the real line with coordinate t, 
and to convey that we think of it as the timeline of evolution. More precisely, we will 
consider (closed with boundary but not necessarily compact) appropriately collared 
Lagrangian branes Pqi C M x T*M.t living over say [0, 1] C and with boundary 
OPqi = LoY[Li, where for i = 0,1, we have 

LiC M X {{i, 0)} C M X X M^^ ~ M X T*Rt. 

To control the possibly noncompact nature of Pqi, we will always assume taming hy- 
potheses as discussed in Section [2j Thanks to the collaring requirements, we can and 
will replace Pqi with the extended (boundaryless but not compact) brane 

P = (Lo X {(r < 0, 0)}) U Poi U (Li x {(r > 1, 0)}) C M x T*Rt. 

It is then convenient to forget the original interval [0, 1] C Mt and only remember that 
P is constant away from a compact subset of Mt- 

As with manifolds and usual cobordisms, one needs to be careful with the notion of 
equivalence. One familiar approach is to consider the space of cobordisms between two 
fixed manifolds, or at the very least its set of connected components. We will take a 
much more flexible approach and consider cobordisms between two fixed Lagrangians, 
and then cobordisms between cobordisms, and so on. One might attempt to orga- 
nize such data into an "(oo, oo)-category" (and in the process formulate what such a 
structure would entail). Fortunately, for our purposes, we will be content to invert all 
higher morphisms and work with the resulting (cxd, l)-category. Before discussing this 
further, we need to discuss more precisely which Lagrangian cobordisms we will take 
as morphisms. 
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1.1.2. N on- characteristic cobordisms. An important notion in symplectic geometry is 
that of support Lagrangian. It is the fundamental invariant in quantum algebra and the 
microlocal study of sheaves and PDE. (The theory of polarizations and their metaplectic 
symmetries studies the implications of a choice of support Lagrangian. The theory 
of moduli of stability conditions can also be phrased in terms of moduli of support 
Lagrangians.) We will incorporate the notion of support Lagrangian into our study of 
Lagrangian cobordisms in the following way. 

Fix once and for all a (not necessarily compact, possibly singular) closed Lagrangian 
subvariety A C M. To control the possibly noncompact nature of A, we will always 
assume taming hypotheses as discussed in Section [2| 



Example 1.1.2. Continuing Example 1.1.1, here are some examples of the support 
Lagrangians we have in mind: 

(1) Conical Lagrangians in cotangent bundles: take A C M = T*X to be any closed 
conical Lagrangian subvariety. In particular, we could take A to be the zero section 
alone. More generally, ii U G M = T*X is a conical open subset, we can take the 
restriction ACiU C U as support Lagrangian inside of U. 

(2) Conical Lagrangians in Weinstein manifolds: let A*'^ C M be the "Lagrangian 
skeleton" of stable manifolds associated to the exhausting Morse function /i : M — t- M 
(for details, see |Bi01j ). We can then take A to be the union of A^^ together with the 
"cone" with respect to dilation over any Legendrian subvariety in M°° . More generally, 
if [/ C M is a conical open subset, we can take the restriction A n C/ C f7 as support 
Lagrangian inside of U . In particular, A can be singular. 

Although we have not discussed any non-conical examples, there is nothing to exclude 
such a choice. 

Once A is fixed, we will only consider Lagrangian branes L C M that are disjoint 
from A at infinity in the sense that L°° = Lf] is disjoint from A°° = A n M° 



roc 



Example 1.1.3. Let X be a non-compact smooth manifold. With the choice A = 
T^X , A is not within the class of branes we consider because it intersects itself at 
infinity. If X were compact, A would be a brane we consider. 

Taking the product of the support Lagrangian A with the zero section C T*Mt, 
we obtain a corresponding support Lagrangian A x c M x r*M(. We say that a 
Lagrangian cobordism P C M x T*M.t is non-characteristic if there is a closed one-form 
7] G r2^(Mi) and a constant T > such that rj = dt in the distant past and future when 
\t\ > T, and the shifted Lagrangian cobordism 

P + TrjC M X T*Rt 

is disjoint from the extended support Lagrangian A x Mj. Here C T*Mt denotes 
the graph of the one-form r], and the sum denotes the fiber- wise sum of sets in the 
factor T*Mt. An analogous definition makes sense for Lagrangian cobordisms between 
Lagrangians cobordisms, and so on. 

Definition 1.1.4 (see Sectionjsjfor a precise version). Given a fixed support Lagrangian 
A C M, we define an oo-category Lag^'^(M) with objects Lagrangian branes L C M, 
and 1-morphisms non-characteristic Lagrangian cobordisms P G M x T*Mf 
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Remark 1.1.5. While there are many models for oo-categories, or synonymously 
(oo, l)-categories, we will utilize the model of a weak Kan complex, or synonymously 
quasi-category, as appears in the work of Joyal and Lurie. For a discussion of some 
relevant basic notions, one could refer to the overview of the Appendix. 

For the reader unfamiliar with this notion, the following rough analogy is useful to 
keep in mind: 

algebra: i?i-algebra :: category : oo-category 
Informally speaking, the E'l-structure on Lag^'^(M) is given by placing Lagrangian 
cobordisms one after the other along the real line Mt. 

The following result is the first hint of the role of the support Lagrangian A C M 
in our story (and lends some justification to its name). Recall that a zero object in an 
(X)-category is an object which is both initial and terminal, and any two zero objects 
are canonically equivalent. By the zero category, we will mean the category with a 
single object * with the single morphism given by the identity of *. 

Proposition 1.1.6. The empty Lagrangian Lijf C M is a zero object in the oo-category 
Lag^''(M). When the support Lagrangian A is empty, the oo-category Lag^^(Af) is 
equivalent to the zero category. 

In fact, the following stronger result holds (which is compatible with the discussed 



relation with the partially wrapped Fukaya category leading up to Conjecture 1.2.18). 



It is proven in Section 4.3 



Proposition 1.1.7. Let L G M be a brane satisfying L n A = 0. Then L is a zero 
object in Lagf{M). 

1.1.3. Stabilization. Though Lag^'^(M) has a zero object, one can check that in any 
generality it is not stable. The main result of this paper is a concrete geometric con- 
struction of a stabilization. 

Definition 1.1.8 ( |L11] ). An oo-category C is said to be stable if it satisfies the fol- 
lowing: 

(1) There exists a zero object G C. 

(2) Every morphism in C admits a kernel and a cokernel. 

(3) Any commutative diagram in C of the form 





is Cartesian if and only if it is cocartesian. 

The third condition states that the diagram presents a as a kernel of 6 — )• c if and 
only if it presents c cokernel of a — t- 6. 

Remark 1.1.9. Any stable oo-category C is linear over the sphere spectrum, and hence 
may be localized with respect to any E'oo-ring spectrum. In particular, we can forget all 
positive characteristic information and consider the rational stable oo-category C (8) Q. 
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The theories of rational stable oo-categories, pre-triangulated rational ^oo-categories, 
and pre-triangulated rational differential graded categories are all equivalent. (For 
various notions of enhanced category, see for example the surveys of |B06| and |Ke06j .) 

Remark 1.1.10. Strictly speaking, we do not directly establish properties (2) and (3) 
of the above definition. Rather, we appeal to the following theorem of Lurie. 

Theorem 1.1.11 ( |L11| ). An oo-category C is a stable co-category if and only if the 
following three properties are satisfied: 

(1) There exists a zero object € C 

(2) Every morphism in C admits a kernel. 

(3) Let : C — 7- C be the functor induced by sending every object X to the kernel of 
the zero map — t- X. Then is an equivalence. 

It is the above three properties which we verify. 

We have asserted above that the empty Lagrangian is a zero object of Lag^'^(M). To 
guarantee the existence of kernels and cokernels, we consider the following symplectic 
version of a stabilization procedure familiar from algebraic topology. 

Consider the symplectic manifold r*]R" with fixed support Lagrangian the zero sec- 
tion C T*M". We will also equip T*]R" with canonical grading background structures 
(arising from the fact that it is a cotangent bundle). For notational simplicity, we set 

Lagr(Af) = Lag^o,K„(Afxr*M"), 

which for n = 0, agrees with our previous notation. Successively taking the product 
with the conormal Lagrangian T|p|Mj; C T*Mj; provides a tower of faithful functors 

^ Lagr(M) ^ Lag^"+i(Af) • • • 

Definition 1.1.12. Given A C M, we define the co-category Lag^(M) to be the colimit 

LagA(M) = colim„,^oo Lagt'(M) 
in the oo-category of stable oo-categories. 

Remark 1.1.13. In the Joyal model structure, fibrant-cofibrant objects are quasi- 
categories, and cofibrations are level-wise injections. Hence the homotopy colimit 
Lagy\^(M) can be calculated by the naive increasing union of simplicial sets 

Lag^(M)~U„^ooLagr(M). 

Now the following is an abstract form of our main result. 

Theorem 1.1.14. The oo-category Lag^(M) is stable. 

Remark 1.1.15. While we have used the term stabilization to refer to the construction 
of Lag^(M), the same term is used in |Lllj as a general procedure for producing 
stable oo-categories from non-stable ones. We expect that Lagy^(M) is the universal 
stabilization of Lag^°(M) but tackling this question is beyond the scope of this paper. 
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1.1.4. Mapping cones. One often refers to the cokernel of a morphism in a stable oo- 
category as a mapping cone. Part of the value of the above theorem is its proof in 
which the mapping cone is concretely constructed. 

We briefly summarize here the structure of the mapping cone C(/) G Lagy^(Af) of a 
morphism f : Lq ^ Li. We will restrict our discussion to objects Lq, Li and a morphism 
/ coming from Lag^''(M). So the objects Lo,Li are represented by Lagrangian branes 
in M, and the morphism / is represented by a Lagrangian cobordism P C M x T*Mt 
living over say [0, 1] C M. 

For the above setup, the mapping cone C{f) will come from an object of Lag^^(M). 
To construct it, we form the Lagrangian submanifold 

C{f) = (Lo X To) U P U (Li X Fi) CM X T*R 

where Fq, Fi C T*M. are the graphs of closed one-forms d/o, dfi defined over (—1, 0], [1, 2) 
respectively. Roughly speaking, /o is decreasing with lim^^-^-i f{x) = +oo, /^*^^(0) = 0, 
for all A; > 0, and /i is decreasing with lima;_>2 f{x) = — oo, /^^^(l) = for all k > 0. 

We show that C(/) admits the structure of a graded exact brane and can be con- 
sidered an object in Lag^(M). The following is an important step in the proof of 
Theorem [iXll 

Theorem 1.1.16. In the stable oo-category Lag^(M), for a morphism f : Lq ^ Li, 
the object C{f) is a mapping cone of f. 

1.2. Conjectures and further directions. 

1.2.1. Ground case. Here we discuss the structure of Lag^(M) when M and A are 
simply a point. Because of our stabilization procedure, this is not as trivial as it might 
initially sound (for instance, it can be shown to contain the stable Pontryagin-Thom 
theory of ordinary cobordisms). 

In a stable oo-category C, for any objects a,b G C, the morphism spaces Homc(a, b[k]), 
for k G Tj, assemble into a spectrum which we will denote by 'Homc{a, b). When a = b, 
composition equips the morphism spaces Homc(a, a[A;]), for A; G Z, with the additional 
structure of an i?i-algebra in spectra which we will denote by £ndc{a). 

Definition 1.2.1. Let C be a stable oo-category. 

(1) An object a G C is compact if Home (a, — ) preserves coproducts. 

(2) An object a G C is a generator if for any c G C, Homc(a, c[fc]) ~ 0, for all /c, 
implies c ~ 0. 

If a G C is a compact generator, then we can recover C as the image of the Yoneda 
functor 

C ^ £ndc{a) -m.od ci ^'Homc{a.,c) 

where £ndc{a) -mod denotes the stable, presentable oo-category of iSn(ic(a)-modules in 
spectra. 

On the one hand, if C is a stable, presentable oo-category with a compact generator 
a G C, then the Yoneda functor is an equivalence C ~ 8ndc{a) -vnod. On the other 
hand, suppose C is a stable oo-category with a generator a G C such that every object 
is a finite colimit of objects of the form a\k], for k G Z. Then it is immediate that a 
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is compact, and the Yoneda functor induces an equivalence C ~ £ndc{a) -peri, where 
£ndc{a) -perf denotes the stable oo-category of perfect £ndc{a)-modules in spectra (the 
full subcategory of modules which are finite colimits of free modules). 

Conjecture 1.2.2. Take M = A = pt, consider Lagp^^pt), and set £ = £nd\_3^^^(^pf^{pt) . 

(1) The object pt G Lagpj(pt) is a generator. 

(2) Every object of Lagpj(pt) is a finite colimit of objects of the form pt[k], for k ^ Z. 
Consequently, the Yoneda functor induces an equivalence 

Lagpt(pt) ~ £:-perf 

By the conjecture, the study of Lagp^{pt) reduces to the calculation of the endomor- 
phism algebra £ = £nd\_^^^^(^pt){pt)- By construction, £ is only an E'l-algebra, but in 
fact it naturally comes from an i?oo-algebra. To see this, observe that external product 
induces a functor 

Lag^^(Mi) » Lag^^(M2) ^ Lag^^^^^{Mi x M^). 

When we take Mi = M2 = Ai = A2 = pt, this equips \-agp^{pt) with a symmet- 
ric monoidal structure. (And when we only restrict Mi = Ai = pt, this equips any 
Lag^jl^s) with the structure of Lagp((pt)-module.) Furthermore, it is apparent that 
the object pt G Lagpi{pt) is the unit for this structure. Thus it follows that its endo- 
morphism algebra £ is in fact an E'oo-ring spectrum. 

Conjecture 1.2.3. Take M = A = pt, consider Lagpj(pt). 

The EoQ-ring spectum £ = £nd\_^^^^i^pi-^{pt) is connective with ttq[£) ~ Z. 

Remark 1.2.4. If we drop the relative pin structures from our branes, then we expect 
the corresponding base spectrum to be connective with component group Z/2Z. 

Remark 1.2.5. One import of the above conjecture is that we could then form the base 
change Lag^(M) ^^-Q to obtain a rational stable oo-category, or equivalently a rational 
pre-triangulated differential graded or j4oo -category. This then could be compared 



to well-known geometric differential graded or ^00-categories. See Conjecture |1.2.18 
below. 

Remark 1.2.6. We expect the analysis of the -Eoo-ring spectrum £ to follow along the 
lines of "modern" Pontryagin-Thom theory as developed in |GMTW09l IGa06t Ay08 . 



1.2.2. Cotangent bundles. Here we discuss the structure of Lag^(M) when M = T*X 
and A C T*A' is a conical Lagrangian. 

Let us first discuss the distinguished case when A = X is the zero section itself. The 
above development for M = A = pt admits a natural generalization which should also 
be amenable to similar techniques. 

Conjecture 1.2.7. Take M = T*X, A = X the zero section, and consider Lagx{T*X). 
Assume for simplicity that X is connected, choose a point x E X , and let T*X C T*X 
be the corresponding conormal Lagrangian. 

(1) The object T*X £ lagxiT*X) is a generator. 

(2) Every object of LagxiT* X) is a finite colimit of objects of the form T*X[k], for 
keZ. 
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(3) The endomorphism algebra £nd\_^g^(j*x){T^X) is equivalent to the Ei-algehra 
^xX* A £ of 8- chains on the based loop space ^xX, where £ = £nd\_^g ^{pt){pi); OsiT-d 
^xX^ = nxXU{*}. 

Consequently, the Yoneda functor induces an equivalence 

lagx{T*X) ~ QxX^ A£-pevf 



Remark 1.2.8. Together with Conjecture 1.2.3 this would imply that the base change 



Lagx{T*X) ^£ Q is equivalent to the differential graded category of perfect modules 
over the differential graded algebra of chains C-if{0,xX,<Q). This would be parallel 
to work [ASO^ESOebl [MM lAlOal lAlObj on the wrapped Fukaya category. See 
Conjecture |1.2.18| below. 



Now we would like to generalize Conjecture 1.2.7 when we take a more general 
conical Lagrangian A G T*X. It will be convenient to adopt the point of view on 
constructible topology developed in the appendix of |DAGVI] . Let us first reformulate 
Conjecture 1.2.7| in these terms. 



Let Sing(X) denote the Kan simplicial set of singular simplices on X. We can regard 
it as an oo-categorical version of the familiar Poincare groupoid. If X is connected with 
base point x £ X, then Sing(X) is equivalent to the oo-groupoid with a single object 
X and endomorphisms ^l^X. 

Definition 1.2.9. Let A be an ii^oo-ring spectrum. 

(1) The stable oo-category of constructible sheaves of if-modules on X is the contin- 
uous functor oo-category 

Shv(X,^) = Hom(Sing(X)°P,^-mod). 

(2) The full stable c«-subcategory Perf (X) C Shv(X) of perfect constructible sheaves 
of £^-modules on X is that generated under finite limits and colimits by representable 
functors. 

Remark 1.2.10. A caution about terminology: the above notion of perfect con- 
structible sheaves does not imply any finiteness on the fibers. For example, the push- 
forward of the constant sheaf along a map a; — t- X is perfect though its stalk at x will 
be .A-cochains on the based loop space ^IxX. In fact, perfect constructible sheaves are 
precisely what one can obtain by finite limits and colimits of such sheaves. 



The following conjecture is equivalent to Conjecture 1.2.7 



Conjecture 1.2.11. Take M = T*X, A = X the zero section, and set £ = £nd\_3g^^(^pt){pt) 
There is a canonical equivalence of stable co-categories 

Vexi{X,£)^^Lagx{T*X) 

which sends the constant sheaf on a point x £ X to the conormal Lagrangian T*X C 
T*X. 



Now we are prepared to generalize Conjecture 1.2.7 when we take conical Lagrangians 
A C T*X of the following general form. Suppose X is Whitney stratified by strata 
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Xa C X, for a ^ A, and take A C T*X to be the union of the conormals 

Following [DAGVIj . let Sing'^(X) denote the oo-category of singular simplices adapted 
to the strata Xa C X, ioi a £ A. We can regard it as an oo-categorical version of 
the "exit path category" of |T09| with morphisms paths exiting singular strata for less 
singular strata. 

Definition 1.2.12. Let X^ C X, for a £ A, he a Whitney stratification, and let A be 
an i^oo-ring spectrum. 

(1) The stable oo-category of A-constructihle sheaves of iS-modules on X is the con- 
tinuous functor oo-category 

ShwA{X,A) = Hom(Sing^(X)°P,^-mod). 

(2) The full stable oo-subcategory Perf^(X) C Shv^(X) of perfect A-constructihle 
sheaves of f-modules on X is that generated under finite limits and colimits by repre- 
sentable functors. 

Conjecture 1.2.13. Take M = T*X, A = U^g^Tx union of conormals to a 

Whitney stratification Xa C X , for a £ A, and set £ = <f^^'^Lagpt(pt)(^'0• 
There is a canonical equivalence of stable co-categories 

Perf^(X,£:)^U.LagA(r*X). 



Remark 1.2.14. Together with Conjecture 1.2. 3[ this would imply that the base 



change Lag^(T*X) Q is equivalent to the differential graded category of perfect A- 
constructible sheaves of Q-vector spaces. This would be parallel to work [NZ091 IN09) 



on the Fukaya category of the cotangent bundle. See Conjecture 1.2.18 below 



Finally, before continuing, let us state a refined microlocal version of the above 
conjecture. We continue with A = Uag^T^a"^ union of conormals to a Whitney 
stratification X^ C X, for a £ A. 

Consider a conical open subset U C T*X. Then we have two oo-categories which 
reflect the local geometry of U and are independent of the ambient cotangent bundle. 
On the one hand, we have the stable oo-category Lag(/p|^(C/). On the other hand, we 
have the oo-category MicroA(C^, £) of perfect microlocal sheaves of <f -modules supported 
along U CiA. It can be constructed by quotienting sheaves on X with singular support 
in A U {T*X \ U) by those with singular support in T*X \ U. (See [KS841 [KS85] for 
a comprehensive discussion.) Then one must impose finiteness conditions akin to the 
represent ability in our notion of perfect constructible sheaf. 

Conjecture 1.2.15. Take M = T*X, A = Yiai^A^x^-^ union of conormals to a 
Whitney stratification Xa C X , for a £ A. Let U C T*X be a conical open subset, and 
set £ = £ndi^g^^(^pt){pt). 

There is a canonical equivalence of stable oo-categories 

MicroA([/,f)^^Lagf,nA(f^)- 
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1.2.3. Locality. Here we discuss the possibility of recovering Lagf^{M) by gluing to- 
gether Lag^p|^(C/), for small open sets U C M. Such a local-to-global sheaf property is 
at the technical core of homological algebraic geometry but unfortunately unavavailable 
in much of homological symplectic geometry, in particular for the partially wrapped 
Fukaya category (with the exception of some tantalizing developments |FU971 IV991 
IK0991 IKOOll |Kap05t IKW071 lNZ09l lN09l lK09l lASlOal BTOl INTT] among others). As 



we understand it, the main obstruction is the presence of instantons (or long distance 
interactions) in the form of pseudoholomorphic disks, or solutions to related elliptic 
PDEs. While Lagrangian cobordisms can cover long distances, the idea that they may 
be assembled from short distance Lagrangian cobordisms is far more elementary than 
any similar statement for global elliptic PDEs. For example, we expect to have the 
following evident functoriality of which an analogue in Floer theory is a sophisticated 
question (for example, see the recent progress |AS10aj ). 

Conjecture 1.2.16. Suppose U C M is a conical open subset, then inclusion induces 
a functor 

LagAnt/(f^) -LagA(M). 

Let Open^ (M) be the category of conical open subsets U C M, with morphisms 
given by inclusions. Observe that the intersection of two such open sets is again such 
an open set. 

By a cover U^fe/ ~^ mean a finite collection of open sets <Z M such that 

M is the colimit of the corresponding Cech simplicial space with /c-simplices U^g/fc Ua-, 
where Ua = Ua^ n • • • Ua^ , for a = (ai, . . . , a^). 

Conjecture 1.2.17. Let StCat denote the oo-category of stable oo- categories. Then 
the functor 

Open+{M) ^ StCat U i Lag^nA(^) 

forms a cosheaf. In particular, Lagy^(M) can be calculated locally: for JJ^gj [/« — )• M 
a cover by objects of Open'^ [M) , Lag^(M) is the colimit of the corresponding Cech 
simplicial stable oo-category with k-simplices 

where Ua = Ua^ n • • • Ua,., for a = (ai, . . . , a^). 

1.2.4. Relation to partially wrapped Fukaya categories. Finally, we arrive at one of our 
primary motivations for considering Lagrangian cobordisms. 

We continue with M an exact symplectic manifold with support Lagrangian A C 
M. We will proceed informally and write WF/^{M) for the corresponding partially 
wrapped Fukaya category of M (with say rational coefficients). Its construction and 
basic properties are well-known to experts and explained in |Aurl01 lAurlCM] building 
on the more well-known wrapped Fukaya category [FSS08b| lASlOaj . It is a fundamental 
object in mirror symmetry and rgeometric representation theory but still mysterious 
and technically challenging. 
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Returning to the starting point of Floer theory as Morse theory of path spaces, it ap- 
pears quite reasonable that Lagrangian cobordisms should play a role in understanding 
wrapped Floer theory. Roughly speaking, we expect a rough analogy along the lines: 

Witten's Morse complex: singular cochains :: 
Floer's instanton complex: families of Lagrangian cobordisms 

Independently of such vague (and possibly indecipherable) ideas, with suitable assump- 
tions on the Lagrangian branes under consideration, the technique of continuation maps 
provides a very concrete functor 



Lag^(M) 



WFa{M). 



In fact, the idea that there should be such a functor is the origin of our study of 
non-characteristic Lagrangian cobordisms. 

Conjecture 1.2.18. Let M be an exact symplectic manifold with Lagrangian support 
A C M. The functor given by continuation maps induces an equivalence of stable 
oo -categories 

LagA(M) 0^ Q WFAiM) 



Remark 1.2.19. Our Conjectures 1.2.3 



to the work [ASOBal lASOObl iNZOOl IMffl 



1.2.7 |1.2.13 and |1.2.18 are compatible thanks 

M llXTnallAinb] . 



1.3. Outline of the paper. We first take care of the geometric preliminaries and 
introduce Lagrangian branes in Section [2j For any technical assumptions, the reader 
can consult this section. 

In Section [3j we introduce the notions of Lagrangian cobordism and higher La- 
grangian cobordism. In particular we explain the role of the reference Lagrangian 
A C Af , defining the notion of non- characteristic Lagrangians. We also define the 
collaring notions needed to define the oo-category Lag^°(M). 

In Section|4| we define the oo-category Lag^'^(M) organizing Lagrangian cobordisms, 
and prove it is a weak Kan complex with a zero object. We also explain the notion of 
compositions via time concatenation. We then construct the stabilization Lagj^{M). 

We then construct a kernel K for any morphism P : Lq — )• Li. The construction is 
carried out in Section J5} and the proof of its universal property is given in Section |6j 

Finally, in Section [7| we study the shift functor : Lag/^{M) — )• Lag/^{M) to prove 
that LagA(M) is indeed stable. 

In several appendices, we collect useful background material. 

1.4. Acknowledgements. We would like to thank Denis Auroux, Kevin Costello and 
Paul Seidel for their interest. 

The first author was supported by NSF grant DMS-0901114 and a Sloan Research 
Fellowship, and the second author by an NSF Graduate Research Fellowship. 
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2. Geometric setup 

2.1. Symplectic manifold. It is possible that Lagrangian cobordisms could be prof- 
itably considered in a diverse range of settings. We will restrict to a geometric setup 
(which we learned from the well-known references |EG9H IE97j ) where we have some 
intuition for the situation. 

Throughout this paper, M will be an exact symplectic manifold, with symplectic form 
Dm, fixed primitive com = Mm, and Liouville vector field Zm defined by ojm{Zm-, — ) = 
^m(— )• It is a useful level of generality to assume that Zm is complete, and so the flow 
generated by Zm provides an M>o-action on M. We will use the term dilation to refer 
to the M>o-action, and the term conical to refer to sets that are M>o-invariant. 

Example 2.1.1. Here are some examples of the exact symplectic manifolds we have 
in mind (roughly speaking, the first is a mildly degenerate instance of the second): 

(1) Conical subsets of cotangent bundles: fix a smooth (not necessarily compact) 
base manifold X, and let M = T*X he its cotangent bundle equipped with 9m the 
canonical one-form. The Liouville vector field Zm generates the fiberwise dilation. 
More generally, we could take a conical open subset U C M = T*X. 

(2) Conical subsets of Weinstein manifolds: suppose M admits a proper, bounded- 
below Morse function h : M such that Zm is gradient-like with respect to h. Such 
data naturally arises when M C C" is a Stein submanifold or smooth afiine complex 
variety: one can take /i to be a perturbation of the restriction of the standard unitary 
norm on C", and 6m to correspond to the gradient of h via the symplectic form. More 
generally, we could consider a conical open subset U <Z M. 

To control the noncompact nature of M, it is useful to assume it is the interior of a 
manifold with corners M such that the dilation M>o-action extends to M. Furthermore, 
it is useful to assume that the closures in M of any two disjoint conical subsets of M 
continue to be disjoint. Some convenient notation: we will write M°° = M\M for the 
boundary of M, and given a subset A C M, we will write A for the closure of A inside 
of M, and A°° = ^\A = Ar\ M°° for the part of ~A lying in the boundary M°°. 

Remark 2.1.2. A technical comment: it will be useful from a technical perspective 
to assume that M embeds as a subanalytic subset of some real analytic manifold N 
(which without loss of generality we could take to be for some large n). We will 
then only consider subsets of M whose closures in are themselves subanalytic. This 
obviates the possibility of any "wild" behavior and keeps us in the world of "tame" 
topology [BM881IVM96 J. 

In order to work with Lagrangian branes inside of M, we will also consider the 
following standard background structures. Given a compatible almost complex struc- 
ture J G End(TAf), we can speak about the complex canonical line bundle k = 
(^/\dimM/2j^hoijYfyi^ A bicanonical triviahzation 1] is an identification of the tensor- 
square with the trivial complex line bundle. The obstruction to a bicanonical 
triviahzation is twice the first Chern class 2ci(M) G i7^(M, Z), and all bicanonical 
trivializations form a torsor over the group Map(M, 5^). Forgetting the specific com- 
patible almost complex structure J G End(rM), we will assume given a section of 
bicanonical trivializations over the space of all compatible almost complex structures. 
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We also fix a background class [c] G //^(M, Z/2Z) so as to be able to speak about pin 
structures relative to [c]. 

2.2. Support Lagrangian. Throughout this paper, A C M will be a (not necessarily 
compact, possibly singular) closed Lagrangian subvariety. To be more precise, we 
suppose the closure A C M is subanalytic, and hence admits a Whitney stratification 
into smooth submanifolds. Then we insist that A (though not necessarily irreducible) 
is pure of dimension dimM/2, and each stratum of A is isotropic with respect to the 
symplectic form ojm- (In fact, we could more generally allow A to be simply isotropic, 
but components of dimension less than dimM/2 will not affect our story.) 



Example 2.2.1. Continuing Example 2.1.1[ here are some examples of the support 
Lagrangians we have in mind: 

(1) Conical Lagrangians in cotangent bundles: take A C M = T*X to be any closed 
conical Lagrangian subvariety. In particular, we could take A to be the zero section 
alone. More generally, \i U <Z M = T* X \s a. conical open subset, we can take the 
restriction A H f7 C C/ as support Lagrangian inside of U . 

(2) Conical Lagrangians in Weinstein manifolds: let A^'^ C M be the "Lagrangian 
skeleton" of stable manifolds associated to the exhausting Morse function /i : M — t- M 
(for details, see |Bi01j ). We can then take A to be the union of A*'^ together with the 
"cone" with respect to dilation over any Legendrian subvariety in M°° . More generally, 
if [/ C M is a conical open subset, we can take the restriction A n C/ (ZU as support 
Lagrangian inside of U . 

Although we have not discussed any non-conical examples, there is nothing to exclude 
such a choice. 

2.3. Lagrangian branes. A Lagrangian brane inside of M is an exact Lagrangian 
submanifold L G M equipped with several additional structures. To control the possi- 
bly noncompact nature of L C M, we will always assume that it is tame, and its closure 
L C -M is a subanalytic subset. Furthermore, given a support Lagrangian A C M, we 
will only consider Lagrangian branes L C M that are disjoint from A at infinity in the 
sense that = L n is disjoint from A°° = A n M°°. 

Now a brane structure on such an exact Lagrangian submanifold L C M consists of 
a triple (/, a, q) of additional data: 

(1) / : L — )• M is a function realizing the exactness of L with respect to the given 
primitive 9m', 

(2) a : -L — 7- M is a grading with respect to the given trivialization of the complex 
bicanonical line bundle k®^; 

(3) g is a relative pin structure with respect to the given background class [c] G 
H^{M, Z/2Z). 

Note that / is determined up to translation by an element of H^{L,M.); a is de- 
termined up to translation by an element of H^{L,'L); and q is determined up to 
translation by an element of i?^(L,Z/2Z). 

By a Lagrangian brane inside of M, we will mean the object L = (L, /, a, q). Some- 
times we will abuse notation and write L C M, or simply L alone in place of L. 
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2.4. Product structures. All of the structures we have introduced in the preceding 
sections behave naturally with respect to Cartesian products. For concreteness, let us 
briefly spell this out. 

For i = 1, 2, given exact symplectic manifolds Mj, Wj, 6i, we have the exact symplectic 
manifold Mi x M2, coi + 002, Oi + 62- Here and in what follows, we suppress from the 
notation the pullback of forms along the canonical projections. 

Given almost complex structures Jj, bicanonical trivializations Tj, and background 
classes [cj] G iJ^(Mj, Z/2Z), we take the almost complex structure Ji © J2, bicanonical 
trivialization ri A r2, and background class [ci] + [02] G H'^{Mi x M^,Z/2Z). 

Similarly, for i = 1,2, given Lagrangian branes Li C Mi with branc structures 
{fi,ai,qi), we have the Lagrangian brane Li x L2 C Mi x M2 with brane structure 
(/i + /2,ai + a2,qi + 92)- 

2.5. Euclidean space. We will often want to consider the symplectic manifold T*W^, 
and so spell out here what structures we equip it with to fit into our setup. 

Let 7r : r*M" — >■ R" denote the canonical projection. We have a canonical identifica- 
tion r*M" ~ X (R*^)^ where (i?")^ denotes the linear dual of R". We write xj for 
the standard coordinates on R'^, and for the dual coordinates on (R")"^. 

We work with the standard symplectic form on r*M" given in coordinates by a; = 
^jd^jdxj with standard primitive 9 = "^j^idxj. The Liouville vector field Z = 
^j^jd^. generates the standard fiberwise dilation. 

We take the standard complex structure C" ~ T*W^ with holomorphic coordinates 
Zj = £,j + ixj . We trivialize the bicanonical bundle k®^ by taking the real line subbundle 
of the canonical bundle k induced by the zero section M" C T*R". In particular, we 
can identify possible gradings on the zero section with the integers Z (rather than some 
arbitrary Z-torsor). There is no choice of background class [c] G i7^(T*R", Z/2Z) since 
T*W^ is contractible. We will usually take the zero section C T*M" as our support 
Lagrangian A. 

Here are some of our favorite branes inside of T*R". 

Example 2.5.1 (Conormals). The a-graded conormal brane Na;[a] based at x € R" is 
the Lagrangian submanifold 

for some x G R", equipped with the brane structure given by the primitive / = 0, 
grading a G Z + n/2, and trivial relative pin structure. 

More generally, the a-graded conormal brane Nx[(x] along a /c-dimensional subman- 
ifold X C R" is the Lagrangian submanifold 

TJR" c r*R" 

equipped with the brane structure given by the primitive / = 0, grading a G Z -|- (n — 
k)/2, and trivial relative pin structure. 

Example 2.5.2 (Graphs). Given a function h : R, the graph of its differential 

is the Lagrangian brane 
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with brane structure {fh, ah, [0]), where fh is the pullback of h, is transported from 
the zero grading on the zero section via an isotopy through graphs, and [0] is the trivial 
relative pin structure. 

2.5.1. Translation and carving. The previous example leads to a natural construction 
which we will use throughout our arguments. Suppose h : M" — >■ M is a function with 
graph brane C r*M". We can regard tt : r*M" — >■ M" as a relative group, and 
consider the fiberwise translation given by adding T^- 

Given another Lagrangian brane L C T*W^, with brane structure (/lj ckl; [cl]); we 
can form the translated Lagrangian brane 

U = L + = {(x, a e r*R- \{x,^- dh^) e l} 

with brane structure aL,/i! [cl]), where is the sum of fi and the pullback of 
h, and a\_^h is transported from the grading ai via an isotopy through graphs. 

More generally, given an exact symplectic manifold M, and a Lagrangian brane 
L C M X T*M"^, with brane structure (/l, ai, [cl]), we can similarly form the translated 
Lagrangian brane 

U = L + Lfe = {(m, X, G r*R" | (m, x,^- dh^) G L} 

with brane structure (/l./i, aL,/i, [cl])j where /l,^ is the sum of /l and the pullback of 
/i, and a\_^h is transported from the grading a\_ via an isotopy through graphs. 

More generally still, we will often apply the above construction with a function h 
which is defined only on an open subset U C M*^. In other words, suppose /i : M" — >• M 
is a partially defined function, with domain some open subset U dW^. Consider the 
associated graph brane C T*U. 

Then given a Lagrangian brane L C M x r*M", with brane structure (/l,q;l, [cl]), 
we can form the carved Lagrangian brane 

\_h = \- + Yh = {(m,x,0 e M X T*U\{m,x,^-dh^) G L|;7} C M x T*U 

with brane structure (/L,/,aL,/i) [cl]), where is the sum of f\_ and the pullback of 
h, and a\_^h is transported from the grading a\_ via an isotopy of T^, to the zero section 
through graphs. 

We say that L/j is carved from L by the function h. We suppress mention of the 
domain C M" since it is often evident from the structure oi h. In any event, we use 
the term "carved" since we envision that we are using h to remove any part of L that 
docs not live above U C M"". 

Of course, one needs to be careful and impose conditions to ensure the carved brane 
L/i is reasonable. In particular, one needs to be careful that L, and their interaction 
are reasonable at the boundary of [7 C M". Rather than trying to systematize this, we 
will comment as necessary in particular cases. 

2.5.2. Pullbacks. There are many general things to say about the functoriality of branes, 
but we will restrict our remarks to what we specifically need. 

First, suppose U C M"*, F C are open domains, and p : U ^ V is a submersion. 
It provides a correspondence 



T*U T*V XyU T*V 
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in which i is an embedding. 

Given a Lagrangian brane L C T*V, we can form the pullback Lagrangian brane 

p*l = iiq{l)) C T*U 

with the evident brane structure pulled back along q. 

More generally, given an exact symplectic manifold M, and a Lagrangian brane 
L G M X T*V , we can similarly form the pullback Lagrangian brane 

p*L = i{q{l)) C M X T*U 

with the evident brane structure pulled back along s. 

Suppose in addition there is a section s : V ^ U to the submersion p. Then we 
have the left-inverse s* to the pullback p*, and we refer to its result as the restricted 
Lagrangian brane 

s*(/(L)) = L C M X T*V. 

In this case, we will often say that p*L is collared by L along the subspace s{V) C f/ in 
the direction of the map p. 

Example 2.5.3 (Orthogonal projection). Suppose the orthogonal 

projection. 

Given an exact symplectic manifold M, and a Lagrangian brane L C M x T*W^, the 
pullback Lagrangian brane is simply the product with the zero section 

p*L = Lx r*fcM*^ C M X r*M"*+'=. 

The restriction along the section s : — >■ W^'^'' is simply the original brane 

s*(L X T*kR'') = L c M X T*W^. 

Example 2.5.4 (Rotation via angular projection). Let || • || : M" ^ M be the Euclidean 
length function. Fix < a < 6, and consider the annulus and interval 

U = {veW\a<\\v\\<b} V = {a,b)cR 

Suppose p :U ^ V is the restriction of || • ||. 

Given an exact symplectic manifold M, and a Lagrangian brane L C M x T*V, we 
can form the rotated Lagrangian brane 

p*L = Lx T^n-iS""-^ CM X T*U. 

Suppose in addition there is a small e > such that over the open intervals 

Va = (a, a + e) H = (6 - e, b) 

we have identifications 

L|y„ = U X T*Va l\v, = U X T*V, 

for some Lagrangian branes La, L;, C M. 
Then we can form a single brane 

R C M X T*W 
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by gluing together p* L over the annulus U with the product branes 

U X T^Wa U X T^Wi, 

defined over the domains 

Wa = {veW\ \\v\\ <a] Wb = {v eW\b< \\v\\] 

Finally, there are myriad variations on this theme. For instance, a useful further 
construction is to consider the restriction R|q of the rotated Lagrangian brane R to a 
quadrant Q C M". With a slight tweak of the original function we can achieve that 
R|q is collared along the boundary of the quadrant in the normal directions. 



See Figure 2.5.5 in the case n = 2 and Q = {{x,y) S M | x,?/ > 0}. By a small 



perturbation, we have arranged so that there is e > so that over the boxes 

(a,6)x(0,e) (0,e)x(a,6) 
the rotated brane R|q is the collared product 

LxT*o_^)(0,6) r*o_^)(0,6)xL 



This particular example will arise in our constructions of kernels in Section 5.3 



Remark 2.5.6 (Pictures of graphs). Via the usual metric on M", we can transform 
one-forms into vector fields, and exact one-forms into gradient vector fields. In our 
initial proofs, we will write fairly explicit formulas for one-forms, while in later proofs, 
we will often draw qualitatively meaningful vector fields and leave to the reader the 
choice of their precise realization. 
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Here are some sample functions h(t, x) of two variables to give the reader a sense 
of how to interpret our pictures. We will draw large arrows to denote places where a 
vector field shoots off to infinity in the indicated direction, and (when necessary) small 
arrows to highlight where the vector field is non-zero in the indicated direction. Let us 
fix an auxiliary smooth, non-decreasing function r : M ^ M such that 

r-i(O) = (-00,0] r-i(l) = [l,oo). 

In the figures below we depict the 1-form dh for various functions h. The shaded regions 
indicate the domains on which dh is defined. 




t t t t t t 



t = 1 



Figure 2.5.7. A drawing of dh, where h{t,x) = — log(l — T{t)). 
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"t= 1 



Figure 2.5.8. A drawing of dh for h{t,x) = log(l — r(i)). 
X = X = 1 




/ t t t t 



-t = l 



J: = 



Figure 2.5.9. A drawing of dh for h{t,x) = — log(l — r(t)r(x)) 
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Figure 2.5.10. A drawing of dh for h{t,x) = log(l — r(t)r(x)). 
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3. Lagrangian cobordisms 
Throughout this section, we adopt the geometric setup of the previous section. 

3.1. Cubical collaring. Fix n, a pair of vectors a = (ai, . . . , a^), b = (6i, . . . , 6n) G K" 
with Qi < hi for all i. Consider the n-dimensional rectangular solid 

R= [aiM] X ••• X [a„,6n] C M". 

We will write R° C R for its interior, and T*R° for the cotangent bundle of R°. 
The facets R^ d R correspond to maps 

/3 : {!,..., n} ^{a,*,6} 

by the rule x E R lies in R^ if and only if Xi = fi(i)i when is equal to a or 6, or 
G (aj,6j) when = *. So in particular, the interior R° is simply when fi is 

constantly equal to *. 

Given a facet Rp C i?, by a collaring neighborhood Ujs G R we will mean an open 

subset containing Rp such that 'Kp{Up) = Rp, where ttb is the orthogonal projection 

restricted to Up. 

Definition 3.1.1 (Cubical collaring). Suppose given a Lagrangian brane 

P C M X T*R°. 

We say that P is collared if for each facet Rp C R, there is a Lagrangian brane 

P^ C M X T*Rp, 

and collaring neighborhood Up d R such that we have an identity of branes 

PW^nu, = 7r^P/3 = X T*^^Np 

where Np is the afHne space orthogonal to the facet Fp. 

Observe that if a Lagrangian brane P C M x T*R° is collared, then the collar- 
ing branes P^ C M x T*Rp are uniquely determined. When working with collared 
Lagrangian branes, we will often abuse notation and write P G T*R rather than indi- 
cating the interior R° C R. 

3.2. Convex preliminaries. In order to refine the behavior of Lagrangian branes 
living over a rectangular solid, we will need to gather some preliminaries. The reader 
could skip to the next section and refer back to this one as needed. 

Let [n] denote the ordered set {0, 1, . . . , n}. We will think of elements of [n] as the 
vertices of the n-simplex A". 

Let V{n) denote the power set of subsets J C [n]. We will think of elements of 
J eV{n) as the vertices of a facet A (J) C A". We will write J™" and J'""^ for the 
minimum and maximum elements of J respectively. 

Let Q{n) C V{n) denote those subsets / C [n] such that 0,n G /. Here are two 
alternative ways to think of an element / G Q{n). On the one hand, / encodes a path 
(directed sequence of vertices) in A" from the initial vertex to the terminal vertex n. 
On the other hand, / encodes a vertex v{I) of the (n — l)-cube 

c(n - 1) = [0, 1]"-^ C M"-^ 
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by setting v{I)j equal to 1 if j G / and if j /. 
Consider the incidence set 

Q(n)* = {(/, k) e Q(n) x [n] | A; G /}. 

On the one hand, an element of Q(n)* encodes a path / in the n-simplex A'* together 
with a marked vertex k on the path. On the other hand, Q(n)* encodes a point 
v{I,k) = (v{I),k) of the n-dimensional rectangular solid 

C{n) = c(n - 1) X [0, n] = [0, 1]"'^ x [0, n] C W". 

Let us next turn to the facets of the {n — l)-cube c(n — 1). 

Recall that vertices v{l) G c(n — 1) correspond to / G Q(n) by setting v{l)j equal to 
1 if j G / and if j ^ /. Let us represent / G Q(n) by a path of 1-subsimplices 

{0, n}, {n, ■j2}, • • • , {it-\,n\ G P(n), where 7 = {0 < n < ^2 < • • • < < n}. 

More generally, a chain P of subsimplices is a sequence of subsimplices 

Ji,J2,...,Je G V{n) 

satisfying the following: 

(1) I Ja| > 1 for any a = 1, . . . ,£, 

(2) J™" = 0, J^"""" = n, 

(3) J™"^ = J^*^, for any a = 1, 1, 

(4) if a < 6, then ja < jb, for any ja G Ja, jb e Jb- 

The facets of the (n — l)-cube c(n — 1) are in bijection with such chains: given a 
chain /3, the corresponding facet /(/?) C c{n — 1) is the convex hull of the vertices 
v{I) corresponding to paths / through the subsimplices in p. More precisely, v{I) is a 
vertex of /(/3) if for each ia G /, there is some subsimplex Jb in the chain P such that 
ia, ia+1 € Jb- The dimension of the facet /(/3) is the sum 

e 

dim/(/3) = ^(|J„|-l) 

a=l 

By a vertical facet of the rectangular solid C(n) = c(n — 1) x [0, n], we mean a facet 
of the form 

F(/3) = /(/3)x[0,n]. 
Given a subsimplex J appearing in a chain /3, form the rectangular solid 

F{P, J) = {(x, t) G F{P) 1 1 G [J"^^'", J™"^]}. 

We will call J) a refined facet of the rectangular solid C{n). As we vary J, the 
collection of refined facets F{P, J) form a cubical refinement of the vertical facet -F(/3). 

Finally, we will introduce the trivial directions within a refined facet F{/3, J). Let us 
write C(J) for the (| J| — l)-dimensional rectangular solid 

c(j) = [0, X [j'"^", j"*"^] c mI"^i-\ 

By construction, we have a natural orthogonal projection 



p{P,J):F{l3,J) -C(J) 
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respecting projection onto the last coordinate direction. It forgets the variable direc- 
tions Xi for those indices i £ {!,... ,n — 1} such that i ^ J. 

3.3. Factorization. Now we are ready to refine the behavior of Lagrangian branes 
living over a rectangular solid. We adopt the notation of the previous section. 
Recall that we work with the {n — l)-cube 

c{n - 1) = [0, 1]"-^ C M"-i 

and the n-dimensional rectangular solid 

Cin) = c{n - 1) X [0, n] = [0, 1]"-^ x [0, n] C M". 

Fix Lagrangian branes Lq, L„ C M. 

Definition 3.3.1 (Factorized Lagrangian n-cobordism) . A factorized Lagrangian n- 
cobordism from Lq to L„ is a collared Lagrangian brane 

P C M X T*C{n) 

satisfying the following. 

(1) Along the face c(n — 1) x {0} C C{n), P is collared by 

Loxr;(„_i)c(n-l), 
and along the face c(n — 1) x {n} C C(n), P is collared by 

L„xr;(„_i)c(n-1). 

(2) For all J G V{n), there is a collared Lagrangian brane 

Pj C M X r*C(J) 

such that for all vertical facets F{I3) C C{n), the restriction of the collaring brane Pp 
to the refined facet F{f3, J) C F{l3) is equal to the puUback brane 

Pf5\F(M=p{P,jrpj- 

A factorized Lagrangian n-cobordism P from Lq to contains a lot of information 
that may not be apparent at first glance. For instance, it contains the information of 
intermediate Lagrangian branes 

Li,...,U-i C M. 

Namely, for k £ {1, . . . ,n — 1}, consider the vertex v{I) G c{n — 1) corresponding to 
/ = {0,k,n} C [n]. Then the intermediate brane C M appears as a collaring brane 
at the point {v{I), k). 

Example 3.3.2. For instance, when n = 4, the facet defined by the function 

' (0,1) i = l,3 
{1} i = 2 

can be split into two parts by t G [0,2] and t G [2,4]. One sees that this facet is 
described completely by extending the Lagrangians associated to J = [012] C A'^ and 
J' = [234] C A^, composing them appropriately. 



Some low-dimensional examples are illustrated in Figures 3.3.3 and 3.3.4 
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Figure 3.3.3. A factorizcd 2-cobordism P from Lq to L2, projected onto C(2) C M?. 
The indicated vertices arc collared by the Lagrangians Lj for i = 0, 1, 2 and the indicated 
facets Pj are collared by J = {0, 1}, {0, 2}, {1, 2}. 




Figure 3.3.4. A factorized 3-cobordism P from Lq to L3, projected on to C(3) C M^. 
We have indicated how the various edges and vertices are collared. Note that grey 
shaded regions are idential to Pqi x M and P23 x 
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3.4. Time symmetries. We continue with the notation of the previous sections. 

Set Diff(O) to be the trivial group, and let DifF(l) denote the group of orientation- 
preserving diffeomorphisms of the interval [0, 1] that are the identity in some neighbor- 
hood of the end points {0, 1} C [0, 1]. 

Here is an inductive generalization for n > 1. Let Diff(n) denote the group of 
orientation-preserving diffeomorphisms of the n-dimensional rectangular solid 

: C{n) C{n) 

that satisfy the following: 

(1) time symmetry: ip respects the orthogonal projection to the (n— l)-cube c(n— 1) 
in the sense that there is a map 

7:C(n) ^[0,n] 

such that we have 

ip{x,r) = (.T,7(x,r)), (,t, r) G C(n). 

In particular, (p restricts to a diffeomorphism of each vertical facet -F(/3) C C{n). 

(2) preserves collaring: (a) for each vertical facet F(P) C C(n), there is a collaring 
neighborhood U {P) C C(n) such that (p respects the orthogonal projection 

7r(/3) : C/(/3) > F(^) 

in the sense that 

7r(/3) o (p = ipo 

(b) there are open neighborhoods of the faces 

c(n - 1) X {0}, c(n - 1) x {n} C C{n) 

on which (p is the identity. 

(3) preserves refined facets: ip restricts to a diffeomorphism of each refined facet 

F(/3,J)cC(n). 

(4) preserves trivial directions of refined facets: for each refined strata 

F(AJ)cC(n), 

there is an element 

(^(/3,J)GDiff(|J|-l) 

such that we have 

'p\f{p,j) =p{p,jy(p{p,j) 

under the projection 

p{/3,J):F{/3,J) -C(J). 

We will refer to elements tp G Diff (n) as time reparametrizations. Any time reparametriza- 
tion ip G Diff(n) induces a symplectomorphism 

ip* :Mx T*C{n) M x T*C{n) 

respecting all of the structures in play. Thus for Lq, L„ C M fixed Lagrangian branes, 
(p* induces a bijection on the set of factorized Lagrangian n-cobordisms from Lq to L„. 
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Definition 3.4.1 (Lagrangian n-cobordism). A Lagrangian n-cohordism is an equiva- 
lence class of factorized Lagrangian n-cobordisms under the action of the group Diff (n) . 

It follows that the notion of Lagrangian n-cobordism is independent of the particular 
choice of timescale. More precisely, if we produce a factorized Lagrangian n-cobordism 
with some alternative ordered embedding of the set [n] = {0, 1, . . . , n} inside of the real 
line M, we can unambiguously transport it to a Lagrangian n-cobordism living over the 



standard rectangular solid C{n). As we will see in Section 4.1 below, one immediate 



consequence is that Lagrangian cobordisms naturally form simplicial sets. 

Remark 3.4.2. It would have been equally reasonable to quotient by the natural 
action of the larger group of all diffeomorphisms of the n-dimensional rectangular solid 
C(n) that preserve all of the additional structures in play. In other words, we could 
dispense with the first condition (called time symmetry) of the definition of Diff (n) and 
consider a larger class of so-called space-time symmetries. 

There is the usual trade-off to such a choice: on the one hand, if we enlarge an 
equivalence class, we obtain more flexibility in describing a geometric representative; 
on the other hand, the equivalence class becomes that much further from the explicit 
geometric representative. 

Philosophically speaking, it is more appealing to have the definitions be as concrete 
as possible and so not build unnecessary symmetries into them. Then any further sym- 
metries should appear as properties of the resulting structure. Here we have quotiented 
by time reparametrizations to provide the quickest path to a well defined simplicial set. 

3.5. Non-characteristic propagation. Now we introduce the Lagrangian variety 
A C M into the story. Recall that a variety A C M is said to be Lagrangian if it 
is purely half-dimensional and for any and hence all stratifications of A into submani- 
folds the symplectic form a; vanishes on each of the strata. 

Recall the n-dimensional rectangular solid C(n) = c(n — 1) x [0, n]. We will write t 
for the standard coordinate on the factor [0,n]. 

Let Flow(l) denote the set of closed (hence exact) one-forms on [0, 1] that are equal 
to dt in some neighborhood of the end points {0, 1} C [0, 1]. 

Here is an inductive generalization for n > 1. Let Flow(n) denote the set of closed 
(hence exact) one-forms r] G r2^(C(n)) satisfying the following: 

(1) respects collaring: for each vertical facet F{I3) C C(n), there is a collaring neigh- 
borhood C/(/3) C C(n) such that 

Tl\u(ii) = 7r(/3)*(T/|F(/3)) 

under the orthogonal projection 

7r(/3) : [/(/?) -F(/3). 

(2) respects trivial directions of refined facets: for each refined strata 

F(/3,J)cC(n), 

there is an element 

r/(^, J) G Flow(|J| - 1) 
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such that we have 

ri = pi/3,J)*ri{P,J) 

under the projection 

p{/3,J):FiP,J) ^C{J). 

Now given rj G Flow(n) and a Lagrangian brane 

P CM X T*C{n) 

we can form the fiber-wise translation 

P + 7] = {(m, x, ^ + ri{x)) G M X T*C{n) \ {m, x, S,) G P}. 

We do not discuss the brane structures because all we will care about is the underlying 
Lagrangian submanifold. 

Definition 3.5.1 (Non-characteristic cobordisms). A A-non- characteristic factorized 
Lagrangian n-cobordism is a factorized Lagrangian n-cobordism 

P C M X T*C{n) 

for which there exists an element 77 G Flow(n) such that 

(P + r/)n(Axr*(„)C(n)) = 0. 

The notion is invariant under the action of Diff (n) , and hence descends to provide 
the notion of a A-non- characteristic Lagrangian n-cobordism. 

As defined above, the notion of A- non-characteristic is a property rather than a 
structure. There is the familiar trade-off': on the one hand, it can be convenient to 
have a specific rj G Flow(n) in hand to perform further constructions such as gluing 
together A-non-characteristic Lagrangian n-cobordisms; on the other hand, if we can 
verify enough such gluing to get off the ground, then our later arguments will be simpler 
since we will not need to carry around the extra structure of a specific r/ G Flow(n). 

As formalized in the above definition, we have opted for the latter approach of taking 
A-non-characteristic to be a property. It turns out that all of the gluings we will need 
can be recast to fit under the umbrella of the following extension lemma. Here is an 
explanation of the notation appearing in its statement: S'"' denotes the n-sphere, [0, h]t 
denotes the interval for h > with coordinate t, and [ao,ai]s denotes the interval for 
uq < ai with coordinate s; we also simplify the notation by writing a manifold Z in 
place of the zero section T^Z C T*Z. 

Lemma 3.5.2. Suppose P is a Lagrangian brane inside of M x T*S"' x T*[0,h]t. 

Suppose for i = 0,1, there are exact one forms Tji G x [0, h]t) equal to dt near 

the end points of the interval {0, h} C [0, h\t, and such that 

(P + 7?i)n(Ax5"x [O,/i]t) = 0. 

Then for any < ai, there is an exact one-form rj G Q,^{S^ x [0, h]t x [qq, ai]s) equal 
to dt near the end points of the interval {0, h} C [0, h]t, equal to rji near the boundary 
point ai C [oq, ai]^ for i = 0, 1, and such that 

((P X [ao, ai]s) + r/) n (A X 5" X [0, h]t x [oq, ai]s) = 0. 
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ao{x) 



Proof. Let /o(x, t), t) : 5"" x [0,h]t — >• M be primitives for 770, 7?i respectively such 
that 

/o(x,i)»0 /i(x,i)<0 
Choose < e < (oi — ao)/2, and a smooth, non-decreasing function oq : [qq, ai] — )• M 
such that 

0, s < ao + e 

1, s > oi — e 

Set oi = 1 — ao : [ao, ai] — t- M. 

Take r] G 17-^(5'" x [0,h]t x [ao,ai]s) to be the exact one-form 

T] = d{ao{s)foix,t) + ai{s)fi{x,t)) £ x [0,h]t x [ao,ai]s) 

It is straightforward to check that r] has the asserted properties, and in particular 

((P X [ao, ai]s) + 7?) n (A X 5" X [0, h]t x [ao, = 0- 

□ 

3.6. Basic examples. We record here some basic examples of Lagrangian 1-cobordisms. 

Example 3.6.1 (The identity 1-cobordism). For any Lagrangian brane L C M, we 
have the Lagrangian 1-cobordism 

L X T^R C M X T*R 

obtained by taking the product of L with the zero section equipped with its canonical 
brane structure. We refer to L x T^M as the identity cobordism of the brane L. 

Example 3.6.2 (The twist). Let be a smooth, increasing function such that 1/^^(0) = 
{—00, —e] and uf^{l) = [0,oo). Also let be a smooth, increasing function such that 
f~^(0) = (—00, 0] and f^^(l) = [e, 00). Define the 1-form uhy u = —dlog{ui) — dlog{l — 
Vr)- Its graph Vy is a Lagrangian in T*M which approaches 00 at t = e and approaches 
—00 at — e. Fix a grading and primitive such that the two equal where Fj, intersects 
the zero section. 

The Lagrangian Ty is clearly Hamiltonian-isotopic to the Lagrangian T|q|]R, the 
vertical fiber over G M. The vertical fiber in turn is Hamiltonian isotopic to another 
Lag rangian, Fj//, obtained by graphing a 1-form {t?j — z^( — t). The Hamiltonian isotopy 
taking Fj^ to Tj^QiM to Tyi can be realized as a Lagrangian cobordism in T*R x T*M. 

The significance of this example is that the grading on Vyi at the origin differs from 
the grading on Fj/ at the origin. The former has changed by a full period of the circle. 
We will call this the twist, or the ribbon morphism, because it looks like a twisting 
ribbon when depicted as a vector field in M^. (See Figure 3.6.3 ) 
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Figure 3.6.3. A projection onto T*Wt x T*R,5 of the ribbon m^orphism,, whieh we 
also call the twist from a rightward tilt of X to a leftward tilt of X. Time evolves 
from bottom to top, and the horizontal direction represents the spatial, or stabilizing, 
direction. 
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4. OO-CATEGORY OF LAGRANGIAN COBORDISMS 

In this section, we build an oo-category (synonymously, quasicategory or weak Kan 
complex) whose n-simplices label Lagrangian n-cobordisms. The patterns arising are 
inspired by the construction of simplicial nerves of simplicial categories. (We review 
some of the basic notions of oo-categories and simplicial nerves in the Appendix.) The 
factorizations of the previous section will enable us to organize Lagrangian n-cobordisms 
into a simplicial set. The collarings of the previous section will enable us to show that 
the simplicial set is a weak Kan complex. 

Roughly speaking, we will define an oo-category Lag^''(M) whose objects are appro- 
priate Lagrangian branes L C M. Its 1-morphisms P : Lq — )• Li are Lagrangian cobor- 
disms P C M X r*[0, 1] between these branes. In general for n > 1, its n-morphisms 
are cubical Lagrangian cobordisms parametrizing between (n — l)-morphisms. Since 
we work within the framework of an oo-category (rather than an (oo, n)-category with 
n > 1), the morphisms between two objects Lag*'^(Lo, Li) form a space of cobordisms 
(rather than an (oo,n — l)-category with n > 1) - for instance, one can view a 2- 
morphism as a path between 1-morphisms. 

4.1. Weak Kan property. We continue with the geometric setup introduced in Sec- 
tion ^ We fix the symplectic manifold M and support Lagrangian A, setting Lag**^ = 
Lagf(M). 

Remark 4.1.1. The superscript "oO" reflects the fact that Lag*" = Lag^ (M) is as- 
sociated to M = M X r*M° and A = A X M°. Later, we will consider the sequence of 
oo-categories Lag'''' = Lag^''(M) associated to M*^ = M x T*R'' and A*'' = A x T*kR''. 

Definition 4.1.2 (Simplices). We define the set Lag*''(0) of 0-simplices to consist of 
Lagrangian branes L C M. 

For n > 0, we define the set Lag*''(n) of n-simplices to consist of A- non-characteristic 
Lagrangian n-cobordisms. 

We next construct the simplicial structure maps of Lag^°. Given a : [m] — t- [n] a 
morphism (order-preserving map of finite sets) in the simplicial category, we will define 
a corresponding map of sets 

a* : Lag^°(n) Lag^O(m). 

For concreteness, let us first describe the face and degeneracy maps. Fix n, and 
consider the standard order-preserving face inclusion 

: [n — 1] — [n] , for i = 0, . . . , n, 

for which i G [n] is not in the image, and the standard order-preserving degeneracy 
surjection 

Sj : [n] — >• [n — 1], for i = 0, . . . , n — 1, 

for which i £ [n — 1] has two pre-image elements. 

Recall that an n-simplex of Lag*'' is represented by a A-non-characteristic factorized 
Lagrangian n-cobordism P C M x T*C(n). By definition, P satisfies the following two 
boundary conditions. 
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(1) Along the face 

c(n - 1) X {0} C C(n) = c(n - 1) x [0, n] 
P is collared by a brane 

Lo X r!(^_i)c(n - 1) C M X T*c{n - 1) 

and along the face 

c(n — 1) X {n} C C{n) = c{n — 1) x [0, n] 
P is collared by a brane 

Ln X r!(„_^)c(n - 1) C M X r*c(n - 1) 

(2) For all J C [n], there is a brane 

Pj C M X T*C{J) 

such that along all refined facets F{I3, J) C C(n), the restriction of P is equal to the 
pullback brane 

pimj)=p(/3,^rpj 

along the natural projection 

p(/3,J):F(/3,J)^C(J). 

Definition 4.1.3 (Face maps). For n = 1, we define the face maps 

dl^dl : Lag^O(l) ^ Lag^O(O) d^(P) = U,d\{P) = U. 

where Lq, Li C M are the collaring branes. 

Fix ra > 1, and any i G [n]. Set J = [n] \ i. We define the face map 

d* : Lag^O(n) ^ Lag^O(n - 1) d*{P) = Pj 

where Pj C M X T*C{J) is the collaring brane. By applying a time rcparamctrization, 
we may identify C( J) with the standard rectangular solid C{\J\ — 1), and hence consider 
n,7 as a Lagrangian (j J| — l)-cobordism. 

Remark 4.1.4. In general, for an arbitrary inclusion a : J ^ [n] in the simplicial 
category, we can take cr*{P) to be a time reparametrization of the collaring brane 
Pj C M X T*C{J). 

To define degeneracy maps, we gather some preliminaries. 

First, it is useful to explicitly describe the standard triangulation of the (n — l)-cube 
c(n — 1). Recall that vertices v{I) G c(n — 1) correspond to subsets I C [n] containing 
both 0, 1 G [n]. With this indexing, the A;-simplices of the standard triangulation of 
c{n — 1) have vertices indexed by increasing sequences of subsets Ii C I2 C ■ ■ ■ Ik C [n]. 

Observe that a simplicial map a : [m] [n] induces a map from subsets of [m] to 
subsets of [n], and in turn a simplicial map 

c(cr) : c(m — 1) 5^ c(n — 1) 

with respect to the standard triangulations. In general, the map c{a) is not a simple 
orthogonal projection (and not even smooth), but linear on each simplex in the domain. 
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Second, given a factorized Lagrangian (n — l)-cobordism P C M x T*C{n — 1), and 
some i = 1, . . . ,n — 2, we will choose a time reparametrization so as to stretch P to a 
brane in a longer time interval 

P; C M X r*(c(n- 1) X [0,n]) 

More precisely, we can choose a small e > 0, and a smooth embedding of intervals 

: [0,n]f -[0,n-l] 

such that Pi{t) = t, for t < i — e, and Pi{t) = t — 1, for t > i + 1 + e. Then we will take 
the puUback P^ = p*{P) along the induced map 

Pi : c(n — 1) X [0,n] ^ c(n — 1) x [0, n] . 

When i = 0, we can produce a similar brane 

P'qCMx r*(c(n- 1) X [0,n]) 

by translating P to the time interval [1, n], and then gluing to it the constant brane 

l-oxr;(„_i)^[o_i](c(n-l)x[0,l]). 

When i = n — 1, we can produce a similar brane 

P^i CM X T*{c{n - 1) X [0,n]) 

by gluing to P the constant brane 

L„-i X T;Vi)x[„-i,n](c(?^- 1) X [n-l,n]). 

Definition 4.1.5 (Degeneracy maps). Fix any n > 0, and any i e [n— 1]. 
We define the degeneracy map 

s* : Lag^O(n - 1) ^ Lag*0(n) s*{P) = c(s,)*(PO 

where as introduced above the brane 

P- C M X T*{c{n- 1) X [0,n]) 

is the ith stretched time reparametrization of P for sufficiently small e > 0, and the 
simplicial map 

c{si) : c(n) X [0, n] c{n — 1) x [0, n] 

is that induced by Sj. By the pullback c(si)*(P^), we mean the union of the pullbacks 
along each simplex on which c{si) is linear. The collaring conditions on P, and hence 
on P^, ensure that the union glues together to a well-defined Lagrangian n-cobordism. 

We leave as an exercise for the reader the following easy proposition. 

Proposition 4.1.6. With the face and degeneracy maps as defined above, Lag**^ is a 
simplicial set. 
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Recall that for k = l,...,n — 1, the fcth inner horn C A" is the subsimplicial set 
obtained by deleting the interior of A" and the codimension one face opposite the kih. 
vertex. A simplicial set X is called a weak Kan complex if any map from an inner horn 
A^ — ;> X extends to a map A" — ^ X. 

We leave the following elementary (but tedious) verification to the reader. The 
constructions of the preceding section - collarings, refined facet factorizations, and 
extension assertion of Lemma 3.5.2| - were designed to ensure this is true. 

Proposition 4.1.7 (Weak Kan property). The simplicial set Lag**^ is a weak Kan 
complex. 

4.1.1. Composition of edges via concatenation. Recall that in an oo-category, there is 
not an absolute notion of composition, but rather one defined up to an infinite sequence 
of contractible choices. Namely, given an oo-category C, objects xq,xi,X2 G C, and 
morphisms /oi : xq ^ xi, fi2 : xi — )• X2, we are guaranteed (by the weak Kan property) 
to find a 2-simplex 

\ f02 
701 \ 

Xl ^ X2 

fl2 

with the given boundary values. The "composition" /02 : xq — ?• X2 and the 2-simplex 
are not unique, but the above 2-simplex and any other such 2-simplex will form the 
partial boundary of a 3-simplex which we again will be able to fill. And so on... Thus 
one can show that the "composition" /02 : xq — )• X2 while not unique is at least an 
element of a contractible space. 

In the oo-category Lag**^, the situation is slightly more concrete: if we are willing 
to dispense with strict associativity, there is a concrete notion of composition. Let 
Pqi : Lq — )• Li and P12 : Li — )• L2 be morphisms in Lag*'^. Up to time reparameterization, 
we can view them as Lagrangian 1-cobordisms inside the intervals 

Poi C M X r*C(l) = M X T*(0, 1) P12 C M X T*C{1) = M x T*{1,2) 

Definition 4.1.8 (Composition via concatenation). We define the composition 

P02 = P12 o Poi : Lo — ;> L2 
to be the equivalence class under time reparametrization of the concatenation 

PoiUPi2CMxT*(0,2). 

Returning to the language of 00-categories, we can think of the composition P02 as 
the third edge of the 2-simplex 



L, 







p 



02 



P12 

represented by the Lagrangian 2-cobordism 

p c M X r*c(2) = M X r*(o,2) X r*(o, 1) 
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given simply by taking the product of the concatenation 

PoiUPi2CMxr*(0,2) 

with the zero section 

r(V)(0'l)cT*(0,l). 

4.1.2. Composition of higher simplices via concatenation. More generally, let Q' and 
Q" be an n'-simplex and an n"-simplex respectively. We assume n',n" > 1. Assume 
that the n'th vertex of Q' and the 0th vertex of Q" are the same object L. We define 
the notion of their composition Q" o Q', which is an (n' + n" — l)-simplex. 
Take the splitting 

c(n' + n" - 2) = c(n' - 1) x c{n" - 1) 

and consider the projections 

tt' : c(n' + n" - 2) ^ c(n' - 1), tt" : c(n' + n" - 2) ^ c(n" - 1). 

For instance, tt" acts by forgetting the first (n'— 1) coordinates of a point in c{n'+n"—2). 
We extend Q', Q" by zero sections by defining 

Q' := 7r'*Q' C M x T*{Q,n') x T*c{n' - 1) x T*c{n" - 1) 

and 

Q" := Tr"*Q" C M X T*(0,n") x T*c{n' - 1) x T*c{n" - 1). 
By time reparametrization we can realize Q" as a Lagrangian brane in the manifold 

M X T*{n', n' + n") x T*c{n" - 1). 
Since Q" and Q' are both collared by L at time t = n', we concatenate: 
Definition 4.1.9 (Composition of higher simplices). We define the composition 

Q" o Q' 

of Q' with Q" to be the equivalence class (under time reparametrization) of the La- 
grangian brane whose underlying Lagrangian submanifold is the concatenation 

Q' U Q" C M X r*(0, n' + n") x c(n' + n" - 2). 

Remark 4.1.10. Just as there is a 2-simplex in Lag*° whose boundary contains P12, 

Poi and P12 o Poi, one can produce a k + /-simplex relating the composition Q" o Q' 
with the cobordisms Q" and Q'. One simply extends Q by the zero section, for instance 
by taking the kth degenerate simplex of Q. We leave it as an exercise to the reader to 
verify that Q" and Q' collar the obvious subfacets of this cube. 
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4.2. Zero object. Recall that for C an oo-category, and two objects x^x' G C(0), the 
mapping space C{x,x') is a simplicial set whose n-simplices are (n + l)-simplices in C 
whose 0th face is the degenerate face at x' and whose 0th vertex is x. (Up to weak 
equivalence, this is the same as the simplicial set of (n+l)-simplices in C whose (n+l)st 
vertex is x' and whose (n + l)st face is the degenerate face at x.) 

Recall that a zero object z G C(0) is an object such that C{x,z) and C{z,x) are 
contractible for all x € C(0). 

Definition 4.2.1 (Empty brane). Let L0 G Lag*°(0) denote the empty Lagrangian 

equipped with its unique brane structure. 

We will show below that L0 is a zero object of Lag**^. Before giving the formal proof, 
let us construct particularly simple elements of the mapping spaces Lag^O(L,L0) and 
Lag*°(L0, L), for any object L e Lag*°(0). 

Example 4.2.2 (Zero morphisms). Choose < tq < ri < 1, and a function r : M ^ M 
that is smooth, non-decreasing, and satisfies 

Jo, t<To 

Consider the associated functions 

a^_{t)= log T{t) a^^it) = -log(l-T(t)), 
and the corresponding graph branes 

We define the zero morphisms 

: L0 L : L L0 

to be the equivalence classes under time reparametrizations of the product branes 

Lxr,,^,Lxr,^, cMxr*c(i). 

Now the main result of this section is the following. 

Theorem 4.2.3 (Zero object). The empty brane Lq G Lag*°(0) is a zero object: for any 
object L G Lag*°(0), the mapping spaces Lag*°(L0, L) and Lag*''(L, L0) are contractible. 

Proof. The proof for Lag*°(L, L0) is parallel to that for Lag^''(L0, L), and we will focus 
on the former. Since Lag*°(L, L0) is a Kan complex, it suffices to show that any map 
of simplicial sets 

b : dA'^ > Lag^O(L, L0), 

extends to a map 

A'^ -Lag^°(L, L0). 

In particular, the base case k = will imply Lag**^(L, L0) is nonempty. 

For convenience, set n = k+1. The data of the map b provides a compatible collection 
of Lagrangian branes P;, over the boundary dC (n) of the n-dimensional rectangular solid 



C(n) = [0, 1]"-^ X [0, 



n\ 
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In particular, since -L0 is the collaring brane along the face 

[0,l]"-ix{n}cC(n), 
there exists e > such that P;, is empty over the open subset 

[0,1]"-^ X (n-e,n] C C{n). 

Using our collaring conventions, there exists a canonical extension of P;, to a La- 
grangian branes Pb over an open neighborhood B C C{n) of the boundary dC{n). 

We will construct an extension of P^ to a Lagrangian n-cobordism P over all of 
C{n). To this end, it is convenient to fix a small e > 0, and choose once and for all an 
elementary function r : M — >■ M that is smooth, non-decreasing, and satisfies 

Next define the function 

a ■ C{n) = [0, x [0, n] ^ M (t(x, t) = T{t) n"=i r(xi)T(l - Xi) 

Consider the partially defined one form 

K = — dlog(l — a) = 



a 

Finally, form the fiberwise translation 

P = Pb + KC M X T*C{n) 

It is straightforward to verify that P is a well-defined Lagrangian n-cobordism and 
provides the desired extension of h. In particular, the fact that P^ is A-non-characteristic 
implies the same for P. □ 

4.3. Non-characteristic objects. 

Definition 4.3.1. An object L G Lag**^(0) is said to be non- characteristic if 

LnA = 0. 

Example 4.3.2 (Backwards zero morphisms). Recall that for any object L G Lag*°, 
we have the zero morphisms 

: L L0 2:^0 : L L0 
represented by the product branes 

Lxr,,^,Lxr,^, cMxr*c(i) 

where the graph branes are associated to the functions 

a^_{t) = logT(t) C7^0(t) = - log(l - r(i)), 
for a smooth, non-decreasing function r : M — t- M such that 

0, t<To 



Tit) 

with < To < Ti < 1. 



1, i>Ti 
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If L is non-characteristic, then we also have the backwards zero morphisms 

Win^ : L0 ^ L w^in : L ^ L0 
represented by the product branes 

L X r_,,^, L X r_,^, C M X T*C{1) 
where the graph branes are associated to the negative functions 

-(70^(0 = - logT(t) - a_,0(t) = log(l - T(t)), 

If L were not non-characteristic, the above cobordisms would not be A- non-characteristic. 

The following proposition puts the above example in context. 
Proposition 4.3.3. // L G Lag''°(0) is non- characteristic, then it is a zero object. 



Proof. We will show that the identity morphism id\_ (see Example 3.6.1 ) factors through 
the zero object L0. More precisely, we will construct a 2-simplex in Lag^" with boundary 
values 

L 

idL 

1-0 

Choose < To < Ti < ^ < r2 < T3 < 1, and a smooth bump function r : M — )• M such 
that 

f 0, t<To 

Tit) = \ 1, n<t<T2 

( 0, t>n 

with r non-decreasing over {tq,ti) and non- increasing over {t2,T3). 

Choose < eo < ei < 0, and a smooth, non-increasing function ex : M — ?• M such that 

[1, s > ei 

Form the partially defined function 

q : C(2) = [0, 1] X [0, 2] ^ R q{s, t) = - log(l - a(s)r(t)) 

and consider the corresponding graph brane 

Tq CT*C{2) =r*((0,l) X (0,2)) 

Now we define the sought after 2-simplex to be represented by the Lagrangian 2- 
cobordism given by the translated brane 

Q = (L X r*(2)C(2)) + Tg c M X T*C(2) 

It is straightforward to verify that Q is a well-defined Lagrangian 2-cobordism and has 
the prescribed boundary behavior. In particular, by assumption L is non-characteristic, 
hence by construction Q is A-non-characteristic. □ 
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There is a simple but useful generalization of the above proposition. Fix a morphism 
P : Lo ^ Li and a time to G (0, 1). Consider the natural correspondence 

M X T*C{1) X T*^^yC{l) M 

and the resulting subset 

Note that Ptj, C M is not the naive restriction P|t„ = i~^{P) C M X Tj*^jC(l) but 
rather the Hamiltonian reduction along the equation t = to- 

Definition 4.3.4. A morphism P : Lo — > Li is said to admit a non- characteristic cut 
at time to € (0, 1) if 

Pto n A = 0. 

Example 4.3.5. If an object L is non-characteristic, then its identity morphism idL 
admits a non-characteristic cut at any time to G (0, 1). 

Proposition 4.3.6. If a morphism P : Lq — s- Li admits a non- characteristic cut at 
some time to G (0, 1), then it factors through the zero object L0; there is a 2-simplex in 
Lag^^ with boundary values 

Lo 

Lg ^ Li 

Proof. We will write P' for the result of time reparametrizing P so that it lies inside 
of M X T*(0, 2). Without loss of generality, we may assume that P' admits a non- 
characterisric cut at time to = 1- 

Let us return to the proof of the preceding proposition, and in particular the graph 
brane 

Tq C T*C{2) = r*((0,l) X (0,2)). 

Consider the Lagrangian 2-cobordism represented by the translated branc 

Q = (P' X r(*o i)(0, 1)) + C M X T*C{2) = Mx T*((0, 1) x (0, 2)) 

Observe that admitting a non-characteristic cut is an open condition in the time 
variable to. Thus choosing all of the parameters < tq < ri < ^ < r2 < T3 < 1 in the 
construction of the graph brane Tq sufficiently close to |, the Lagrangian 2-cobordsm 
Q is non-characteristic. □ 

Remark 4.3.8. We will eventually use not only the above proposition but also the 
specific 2-simplex constructed in its proof. 

Thanks to the weak Kan property and the fact that is a zero object, the above 
2-simplex is equivalent up to a sequence of contractible choices with a 2-simplex of the 
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Figure 4.3.7. The graph brane Tq of the proposition. 



more concrete form 




20- 



where P is factored into a composition of the zero morphisms of Example 4.2.2 



4.4. Stabilization. Though Lag""" = LagX°(M) has a zero object, one can check that 
in any generality it is not stable. The main result of this paper is a concrete geometric 
construction of a stabilization. 



Definition 4.4.1 ( [DAGI| ) . An oo-category C is said to be stable if it satisfies the 
following: 

(1) There exists a zero object G C. 

(2) Every morphism in C admits a kernel and a cokernel. 

(3) Any commutative diagram in C of the form 







is Cartesian if and only if it is cocartesian. 
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The third condition states that the diagram presents a as a kernel of 6 — )■ c if and 
only if it presents c as a cokernel of a — > 6. 

Wc have seen that the empty Lagrangian L0 is a zero object of Lag^(M). To guaran- 
tee the existence of kernels and cokernels, we consider the following symplectic version 
of a stabilization procedure familiar from algebraic topology. 

Consider the symplectic manifold r*M" with fixed support Lagrangian the zero sec- 
tion R" C T*]R". Wc also equip T*W^ with its canonical background structures (arising 
from the fact that it is a cotangent bundle). For notational simplicity, we set 

Lagr(M) = LaglV(MxT*M"), 

which for n = of course agrees with our previous notation. 

Recall that for x G M, and a G Z + |, we have the a-graded conormal brane 

N^[a] C n. 

Let us focus on the ^-graded conormal brane based at x = 0. Successively taking the 
product with it provides a tower of functors 

> lagTiM) ^ Lag^"+i(M) ^ • ■ • L 1 ^ L x No[i]. 

Note that each functor is a level-wise injection. 

Definition 4.4.2. Given A C M, we define the 00-category Lagyy(M) to be the homo- 
topy colimit 

LagA(M) = colim„^oo Lagr(M) 
in the 00-category of stable 00-categories. 

The advantage of the above definition is it provides access to the universal property 
of the colimit. But it would be difficult to work with if we did not have the following 
observation. Since the above tower consists of inclusions of simplicial sets, its colimit 
can be calculated by the naive increasing union of simplicial sets. 

Lemma 4.4.3. The colimit Lag^(M) can be calculated by the naive increasing union 
of simplicial sets 

LagA(M) ~ U Lagr(M). 

Proof. The category of simplicial sets admits a model structure (the Joyal model struc- 
ture) in which fibrant-cofibrant objects are weak Kan complexes and cofibrations are 
level- wise inclusions. Hence the homotopy colimit of a sequence of inclusions is precisely 
the union. □ 

Now the following theorem is an abstract form of our main result. The remaining 
sections of the paper are devoted to its proof, and in particular a construction of the 

required mapping cones. 

Theorem 4.4.4. The 00-category Lagj^{M) is stable. 

Strictly speaking, we do not prove properties (2) and (3) of the above definition 
of stable 00-category. Rather we verify the three equivalence properties given by the 
following theorem of Lurie. 
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Theorem 4.4.5 ( [Lll ]). An oo-category C is a stable oo-category if and only if the 
following three properties are satisfied: 

(1) There exists a zero object G C. 

(2) Every morphism in C admits a kernel. 

(3) Let : C — ?• C be the functor induced by sending every object L to the kernel of 
the zero map — t- L. Then VL is an equivalence. 

Remark 4.4.6. While we have used the term stabilization to refer to the construction 
of Lagy^(M), the same term is used in |L11| as a general procedure for producing 
stable oo-categories from non-stable ones. We expect that LagyY(M) is the universal 
stabilization of Lag^^(M) but tackling this question is beyond the scope of this paper. 

4.5. Space symmetries. Before continuing on to the proof of theorem, we state here 
an easily checked invariance of our constructions under isotopies. 

Let Diffc(M*^) denote the topological group of compactly supported diffeomorphisms 
of m.^. It is useful to recognize that Diffc(M'^) deformation retracts onto the general 
linear group. In particular, Diff c(M^) consists of two components, depending on whether 
an element is orient able. 

Let Pc(I^'^) denote the Poincare oo-groupoid of Diffc(R'^). The group structure on 
Diffc(M'^) turns Pc(I^^) into a Picard oo-groupoid. We will write Pc{^^){n) for its set 
of n-simplices, and in particular Pc(I^'^)(0) for its discrete group of 0-simplices. 

By construction, Pc(IS'^)(0) naturally acts on Lag^^(M), or in other words, there is 
a morphism 

Pe(M'=)(0) Aut(LagX^(M)) 

where we write Aut to denote the Picard oo-groupoid of oo-category automorphisms. 
We leave the following assertion to the interested reader. 

Proposition 4.5.1. The natural action of the discrete group Pc(K'')(0) on the oo- 
category Lag*^(M) lifts to an action of the full Picard oo-groupoid Pc{M.''). 

Example 4.5.2 (Isotopy of Domain). Here is the simplest general import of the pre- 
vious proposition. 

Suppose we begin with an element g G Pc(IR'^)(0) which for simplicity we assume 
represents an orientation-preserving diffeomorphism. Let p G Pc(R'^){1) represent a 
path in Diffc(M'^) from the identity to the element g. 

Suppose we take an object L G Lag*'^(0). Then the proposition asserts that there is 
an invertible morphism P G Lag^'^(M)(l) from L to g{\-). 

Example 4.5.3. Here is a very special but useful application of the previous proposi- 
tion (which could easily be deduced in an ad hoc manner). 

Recall that for x G M, and q G Z + ^, we have the a-graded conormal brane 

N^[a] C T*R. 

In particular, in our stabilization tower, we worked with the ^-graded conormal brane 
based at x = 0. 
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The above proposition confirms that our constructions are independent of the choice 
of j; = 0. The functor of taking the product with No[2] is equivalent to taking the 
product with for any other x G M'^. 

We will not use the following assertion (and in fact it follows from our main theorem), 
but we state it here since it can be deduced rather formally from the above proposition. 

Fix two objects Lq, Li G Lag^^(M)(0). Using the above proposition, we can assume 
they are disjoint Lq n Li = 0, and hence their disjoint union provides a well defined 
object 

Lo]jLiGLag^'=(M)(0) 

Corollary 4.5.4. Disjoint union of branes provides a natural Sk-structure on the oo- 
category Lag^^{M). Taking k — t- oo, we obtain an £ao-structure on the oo-category 
LagA(M). 

Our proof that Lag^(M) is stable shows in particular that disjoint union is the 
coproduct in Lag^(M). 

4.6. Tilting. We present here a simple but particularly useful variation of Proposi- 
tion 4.5.1 which could be skipped until needed later. It can be thought of as the 
"Fourier transform" of the operation of translation. 

Recall that for x G M, and a G Z + we have the a-graded conormal brane 

N^[a] C T*R. 

More generally, consider an n-dimensional submanifold X CM.^, a contractible open 
neighborhood U C X, and a smooth function 6 : X — )• M that is strictly positive on U 
and zero elsewhere. Consider the logarithm log 6 :[/—)• M, and for f3 £ Z + (k — n)/2, 
the corresponding translated conormal brane 

Tc7[/3] = Nx[/3]+riog,cT*M'= 

Definition 4.6.1. For a G Z + a tilt of the conormal brane Nx[a] is any such brane 
Tf/[/3] = Nx[(3] + Fiogb with (3 = a-{k- n)/2. 

The source of the name tilt is that one can obtain Tt/[/3] from the conormal brane 
Na;[a] by a time-dependent Hamiltonian symmetry of T*M.^. We leave the following 
easy lemma to the reader. 

Lemma 4.6.2. Time- dependent Hamiltonian symmetries provide a contractible space 
of identifications of all tilts of the conormal brane Nx[a]. 
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5. Construction of kernel 



The remainder of the paper is devoted to the proof of Theorem |4.4.4 Fix once and 



for all a morphism P : Lq — )• Li between objects Lq, Li G Lagy\^(M). We will construct a 
kernel object K € Lag^(M) and a morphism k : K — )• Lq, then show that the composition 
P o k : K — )• Li is homotopic to a zero map. We will refer to the 2-simplex of Lag/^{M) 
realizing this homotopy as the kernel homotopy. The construction of the kernel object, 



kernel morphism, and kernel homotopy are the subjects of Sections 5.1 5.2, and 5.3 
respectively. We verify the above data satisfies the universal property of the kernel in 
Section [6l 

Recall that Lag^{M) is the union of the oo-subcategories 

Hence the morphism P : Lq — )• Li comes from lagf{M), for some k. It is convenient to 
reindex our objects once and for all, and write M in place of M x T*'K^, and A in place 
of A X M*^. With this understanding, we view P : Lq — )• Li as a morphism in Lag'j^{M). 
The kernel K will then be an object of Lag^^(M). 

In any stable oo-category, the kernel and cokernel of a morphism differ by a shift 
(properly speaking, the shift functor is deduced from the axiom that squares are Carte- 
sian if and only if cocartesian) . Thus our construction of a candidate kernel K just as 
well provides a candidate cokernel coK = K[l], where as usual [1] denotes the shift of 
grading. We will refer to the underlying Lagrangian submanifold 

C(P) C M X T*R 

of each of these branes as the cone of P. Often in what follows we will focus on the 
kernel, though all of our arguments have precise analogues for the cokernel. 

5.1. Kernel object. In this section, we give a specific model of K depending on the 
choice of realization of the cone C(P). In particular, we will fix once and for all a 
concrete representative brane 

P C M X T*C{1) 

for the morphism P (rather than an equivalence class under time reparametrization) . 
We will make further choices to construct the model of the kernel — in verifying the 
universal property of the kernel, we will have shown that the space of such choices is 
contractible. 

In what follows, the subscripts i,r stand for left and right. 

Construction 5.1.1 (Cone). Fix once and for all a smooth non-decreasing function 
T£ : M — 7- R and a smooth non-increasing function r,. : M — )• M such that 

^ / 0, t < -1 , . / 1, t < 1 

= I 1, t>0 ^^^^^ = I 0, t>2 

Consider the corresponding exact one-forms 

Kl = d\ogTl{t) G — Oo) Kr = d\ogTr{t) G Q}{ — 00, 2). 

Finally, consider the exact one-form given by the linear combination 

K = -Ki + Kr G ^^^(-1, 2). 
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We will only appeal to the fact that k has the qualitative behavior 

(1) K is identically zero over [0, 1], 

(2) K has no zeros outside of [0, 1], 

(3) K((9t) —J" — oo as t — )• —1, 

(4) K,{dt) -oo as t — ;> 2. 

Now let us return to the Lagrangian brane 

P C M X T*C(1). 

Thanks to its collaring by Lq, Li C M at the end points {0}, {1} of the interval C(l) = 
[0, 1], we can extend P to a Lagrangian brane over a longer interval 

P = (Lo xT*_,o)(-l,0))UPU(Li xr(*,2)(l,2)) CMxr*(-l,2). 

We define the cone of P to be the translated Lagrangian submanifold 

C{P) = P + r« C M X T*(-l, 2). 

Alternatively, we could restrict k to the intervals (—1, 0), (1, 2), and then form the glued 
Lagrangian submanifold 

c{P) = (Lo X r,|(_i,o)) u p u (Li X r,|(i_2)) c M X r*(-i, 2). 

See Figure [5T2I 

Observe that C(P) deformation retracts onto the original exact brane 

P = C(P)|[o,i]. 

Thus any discrete aspects of the geometry of C(P) coincide with those of P. In partic- 
ular, it is evident that C(P) is a closed exact Lagrangian submanifold of M x T*M. 

Definition 5.1.3 (Kernel and cokernel). We define the kernel K of the morphism P to 
be the Lagrangian brane with underlying Lagrangian submanifold the cone 

C(P) CM X r*M, 

and brane structure (/kjOKi [ck]) uniquely determined by the fact that its restriction 
to P C C(P) coincides with the brane structure (/p,ap, [cp]) of P. 

The cokernel coK is the shift coK = K[l]. Explicitly, coK has the structure (/k, aK + 
1,[ck]). 

5.2. Kernel morphism. Next we define the kernel morphism k : K — )• Lq. 

Let us begin with the identity morphism idK represented by the Lagrangian 1- 
cobordism 

idK = K X T^(i)C(l) c M X r*M x T*C{1). 
To construct k, we will carve idK in the sense of Section |2.5.1| with a function 

/i : M X C(l) ^ M. 

Fix once and for all a small e > 0, and smooth non-decreasings functions : M — )■ 
M,rt : C(l) M such that 

t . / 0, s<-l + e ... / 0, t<e 
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Figure 5.1.2. The projection of the cone C(P) onto T*M. 



Form the product T{s,t) = Ts{s)Tt{t) : M x C(l) — t- M, and finally consider the function 

h{s,t) = -log(l-T(s,0) 

over its natural domain of definition 

D = ((-1, 2) X (0, 1)) \ ([0, 2) X [1, 1)) c M X C(l). 

Definition 5.2.1 (Kernel morphism). We define the kernel morphism k : K — )• Lq to 
be the carved Lagrangian brane 

k = idK +r;, C M X T*R x T*C(1). 

Some immediate discussion is required to explain why the kernel morphism k is 
indeed a morphism to the object Lq. In fact, it is a morphism to a tilt (in the sense of 
Section 4.6) of the product brane 

Lo X No[^] CM X T*R. 

On the one hand, Lq x Nq[^] is simply the image of Lq under the map 

iBgfiM) ^ Lagl^(M), 



and so equivalent to Lq inside of Lag^(M). On the other hand, thanks to Lemma 4.6.2 
there is a contractible space of such tilts, and they are all equivalent to Lq x No[2] inside 
of LagX^(M). Thus we can unambiguously interpret /c as a morphism to Lq. 
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+r 



-0 



(a) 



Figure 5.2.2. (a) The projection of idy^ onto M x C(l). (b) shows the effect of carving 
by dh; the resulting cobordism k = id^ + Tdh is a morphism from K to (a tilt of) Lq. 



5.3. Kernel homotopy. Now that we have the kernel object K and the kernel map 
k : K — )• Lq, we will construct a homotopy from the composition 



K Lo Li 

to a zero map. 

Recall that the empty brane L0 C M is a zero object in Lag^(M): For any object L, 
the spaces of morphisms 10—7-1 and L — t- L0 are contractible. For concreteness, recall 



the representative zero morphisms 2_j.0, Z0_s. constructed in Example 4.2.2 
We will construct a diagram of 2-simplices 




extending our previous constructions. Thanks to Proposition 4.3.6 (see also Remark 4.3.8 ) 
it suffices to find a 2-simplex 

K^Lo 
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such that the boundary edge h admits a non-characteristic cut. But our construction 
of k is a map to a tilt of Lq, rather than to Lq. As such we wiU instead construct a 
2-simplex with boundary edges 




Li X r,. 

(Here, Tg C T*M is the graph brane associated to the tilting function 
g : (-1,0) ^ M gis) = -log(TKs)(l - t,(s))). 



Note that by Lemma 4.6.2, we lose no generality in replacing P : Lq — s- Li by a tilt.) 
To yield this 2-simplex we construct a Lagrangian 2-cobordism 

He M X T*R X T*C{2) = M x T*R x r*((0, 2) x (0, 1)) 

whose facets are collared as follows: 

H|(o,i)x{o} = H|(i^2)x{o} = (P X Tg) H|(o_2)x{i} = h. 

We will also construct the Lagrangian 1-cobordism h so that it admits a non-characteristic 
cut. 

Moreover, it will be important that we understand the precise shape of H to later 
verify that the resulting kernel diagram is universal. Therefore, while we formulate the 
following as a proposition, we will eventually refer to properties established during its 
proof. 

Proposition 5.3.1 (Kernel homotopy). There is a Lagrangian 2-cobordism, 

He M X T*R X T*C(2) = M x T*R x T*{{0, 2) x (0, 1)) 
with collared boundaries over the facets 

H|(o,i)x{o} = ^ H|(i^2)x{o} = (P X Tg) H|(o,2)x{i} = h 
such that the Lagrangian 1-cobordism h admits a non-characteristic cut. 
Proof. We break up the proof into first the construction of h then that of H. 

Construction 5.3.2 (of the morphism h). The construction of h is summarized in 
Figure 5.3.3[ It proceeds in four steps. 



Step (a). Recall the rotation construction from Example 2.5.4 We perform this on 
the cobordism P to obtain a Lagrangian in M x T*R x T*R. The result is depicted in 
Figure 5^3. 3[ a), and inherits a canonical brane structure from that of P. 



S tep (b ). In defining the cone C(P), we utilized a 1-form k G Q (M) in Construe 



tion 



5.1.1 



Let us consider k = K{s,t) £ Q,^{Rx R) as a 1-form with no dependence 
on t, and carve the brane from (a) by the 1-form k = K{s,t). The result is a brane in 

M X r*(-2, 1) X r*M. 

Step (c). Now we carve by the 1-form dh utilized in Section [5.2[ Again we remember 
the resulting brane structure. 
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S = -1, 



S = l 



t = 3 









•* i 


t 


Li 






Li ^ 






► 






t_ 


P 






P ^ 

, 1 1 


±_ 


Lo P 






Lo P ^ 
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(a) 






s = -1 






t 







/\ I ! 












P 








Lo 


1 

P 





+r 



g 



P 

I 

Lo P 



Li. 



(c) 



(d) 



Figure 5.3.3. A summary of the construction of h. (a) results from the rotation 
construction appHed to P. (b) results from carving by the one-form K{s,t). (c) results 
from carving by the one- form dh. (d) is a drawing of h, where the addition of dg ensures 
that h admits a non-characteristic cut. 
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(a.) (6) 

Figure 5.3.5. A summary of the construction of H. (a) is the Lagrangian p*(h). (b) is 
obtained by carving by the 1-form d{Tf). Note that the rightmost face of (b) is equal 
to the composition P o K, where P has been tilted. The drawing is not to scale, and we 
have not drawn any vector fields to indicate the behavior of H near infinity. 



Step (d). Finally, to ensure that h admits a non-characteristic cut, we translate by a 
1-form dg which we now define. Fix e > 0, and define a function ^fi : M — t- M such that 



1, s<-2 + e 
0, s > 1 - e 



with gi strictly decreasing on (—2 + e, 1 — e). Define a bump function g2 : C{\) 
such that 

supp{g2) C - e, 5 - 3e] ^2 > on - e, ^ - 3e). 

Now define g -.Rx C(l) ^ M by 

g{s,t) = gi{s)g2{t) 

and translate the brane from (c) by dg. 

In principle we are done. But we will need some concrete notation for later on. 
Define the linear diffeomorphism 

V': (-2, 3) ^(0,1) 

and transport the brane from (d) to a brane in M x T*M x C(l) via the diffeomorphism 

M X r*M X (-2, 3) ^ M X T*R x C(l) {p, s, t) i (p, s, V'(t)). 

We call this Lagrangian brane h, with all the brane structure induced from the previous 
steps. It clearly admits a non-characteristic cut at ^(^ — 2e). 

Construction 5.3.4 (of kernel homotopy H). It is clear that Ko P can be obtained by 
carving a portion of h. The 2-cube 

H C M X T*M X C(2) 



will be a cobordism realizing this carving. We depict the carving in Figure 5.3.5 
Explicitly, the linear diffeomorphism 

(j) : (0,2) ^ (0,1) C M. 
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induces a map 

p:Mx T*R X C(2) ^ M x T*R x C(l) 

(p, s, (x,t)) h-^ {p,s,(t){t)) 
by which we can puh back h to obtain 

p*(h) C M X r*]R X C(2). 

This Lagrangian is the identity 2-morphism of h — up to scahng in the time coordinate, 
one can think of it simply as 

hxr*o_,)(o,i). 

Recall the function 

h{s,t) = -log(l-T(s,t)) 

used in Section 5.2, Note that if we define the x-independent function 

f = h — (j)*ip^,h 

then the Lagrangian 

is the identity 2-morphism of Ko P. The goal is thus to parametrize between / and the 
function — we do this by introducing a function r. 

Choose a smooth, non-decreasing function r : (0, 1) — ?• M with boundary conditions 

0, x<e 

1, x>l 



t{x) 



rf{x,s,t) = T{x)f{s,t). 



and define the product 
We define 

H = p*(h) + r,(,^). 

As usual, the brane structure on H is induced by the process of carving and by pull- 
backs. From the comments above it is clear that H satisfies the boundary conditions of 



Proposition 5.3.1 



The above constructions complete the proof of Proposition |5.3.1[ □ 

Remark 5.3.6 (Stabilizing and kernels). Given a morphism P G Lag*''(Lo, Li), we have 
defined the kernel to be an object K(P) G Lag''^ As constructed, K(P)^, K(P*) G Lag''^ 
are not identical objects. For example, setting 

Lag^2(^) ^ Lag^°(M x T*R^) = Lag*°(M x T*R,^ x T*Rs,,), 
we see that K(P*) is a product with T|q|]Rs^ while K(P)* is a product with T|q|Rs2- 

However, there is a Hamiltonian isotopy of which rotates (—2, 1) C Rg-^ into 
(—2,1) C Ms25 showing that K(P)* and K(P*) are indeed equivalent. In fact, this 
rotation produces a prism in Lag*^ realizing a homotopy between the two diagrams 

, s k(P)° „ , , k(P°) 

K(P)^--^Lg2 K(P<^' 
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Here the rightmost edge is fixed, since we can choose a rotation which fixes the 
origin of M^, and P*^ hves over the origin. 
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6. Proof of universal property 

In this section, we prove that the kernel diagram (object, morphism, and homotopy) 
from the preceding section satisfies the oo-categorical universal property of a kernel. In 
Section |6.1[ we describe the outline of the proof, reducing it to three key constructions 



given in Sections 6.3 6.4, and 6.5 In Section 6.2, we introduce a useful figure for 
reference throughout the constructions. Throughout what follows, we continue with 
the setup of the preceding section. In particular, we assume P is a morphism in Lag*'' 
without loss of generality. 

6.1. Formal reductions. 

Definition 6.1.1. Fix an oo-category C and a simplicial set D. A diagram in C indexed 
by D is a map of simplicial sets D — )• C. Given a diagram D — )• C, the overcategory Cq 
is the unique simplicial set such that 

s5ei(A", Cd) = s5eiD(A" * D, C) 

where A" ★ D denotes the join of A" and D, and sSet^ denotes maps of simplicial sets 
A" :*r D — 7- C that restrict to the diagram D — t- C. 

Example 6.1.2. Let D = A'^ be a point and let the diagram D — )• C specify an object 
L of C. Then an n-simplex in Cq is an {n + l)-simplex in C whose final vertex is the 
object L. 

For details on the join of two simplicial sets and diagram categories, we refer the 
reader to the Appendix. 

Notation 6.1.3. We denote simplices of Cd with a subscript D. The map 

Cd ^C Xdi 

denotes the forgetful map. 

Given the morphism P : Lq — s- Li let D be the diagram in Lag given by 

Lo 

p 

We have the overcategory LagD, and also for i = 0, 1, 2, . . ., the overcategory Lag^ 
where we regard D as a diagram in Lag**. 

Remark 6.1.4. An object Xd G Lag^ represents a diagram in Lag** of the form 

X -L*^ 

pOi 

^ If. 
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A higher simplex Xd : A™ — )• Lagp also represents a diagram in Lag** of a similar 
form. For example, an edge Xq : — )• Lag^ with underlying vertices Xo,Xi E Lag** 
represents the union of two tetrahedra built upon compositions 



Xn^Xi 







Xn ^Xi 



Ln 



glued along their common triangle. In general, an m-simplex Xd : A™ — )• Lagp with 
underlying vertices Xq, . . . , X^ G Lag** represents a diagram in Lag** obtained by gluing 
two (m + 2)-simplices along a common (m + l)-simplex. The two {m + 2)-simplices are 
built upon compositions 

Xo >Xm^0^li Xq^ > Xm ^ \-o ^ 

In the preceding section, we constructed an object Kq = Kd(P) G Lag^^ given by the 
commutative square 



K 








^0- 



I <>i 
■-0 



Lf. 



Note that for i = 0, 1, 2, ... , the objects 

KD(P"*),K*D* = KD(P)**GLag*J+\ 



are naturally equivalent by Remark 5.3.6, so there is no ambiguity in defining the object 
Kd G LagD. 

Our ultimate aim is to establish the following: 

Theorem 6.1.5. Kq is a terminal object of the overcategory Lagp. That is, Kd is a 
kernel of the map P. 

The theorem is a simple corollary of the following lemma: 

Lemma 6.1.6. For every object Xd G LagD*, stabilization map 

o : Lag*D*(XD, K**) Lag**+i(XD, K* 



induces the zero map on homotopy groups. 



Proof of Theorem 6.1.5. To show the object Kd in the oo-category LagD terminal is 
equivalent to showing that the space of morphisms LagD(XD, Kd) is contractible, for any 
object Xd G LagD. ^y definition of Lag, we have LagD(XD, Kd) = colimj Lag^'*'"' (X^-', K^*'*'-') 
as Kan complexes. (We have fixed i such that Xd originates in LagD*-) 

Consider / : SA*" — >• LagD(XD, Kd ). Sin ce dlV^ is a finite simplicial set, / factors 
through Lagp*^-', for some j. Lemma 



LagD 



.oi+i+l 



6.1.6 



shows / can be filled by a map / : A*^ 



□ 



We will prove the lemma based on two propositions. To state the propositions, it is 
convenient to recall the following: 
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Definition 6.1.7. Given an oo-category C, we denote by = C-k* the terminal cone 
category given by attaching a terminal vertex * to C. We have the natural inclusion 
t : C — )■ of the base category into the terminal cone category. 

Given X a diagram in C, we denote by the terminal cone diagram in obtained 
by taking the join of X and *. 



Proposition 6.1.8. For each i = 0,1,2, . . 

F 

such that the composition 
is the stabilization functor 



there exists a functor 



(Lag^D^)^ 



Lags 



Xr 



Proposition 6.1.9. For each i = 0,1,2, .. the functor F^ of Proposition 6.1.8 eval- 
uated on the terminal cone point * G (Lag^)'^ satisfies 

F\*) = Kd(P^O e Lag^*+\ 
and for each i = 1,2, 3,..., the following morphism is invertible 

F^(KD(Pr"i ^ *) G Lag^^+i(F^(KD(Pr-i),KD(P^O) 
where Kd(P)*''^"'^ — )• * is the unique morphism. 



The proofs of these propositions will occupy Sections 6.3, 6.4, and 6.5 For now we 
prove the lemma assuming the propositions. 



Proof of Lemma 6.1.6. Recall that in Section 4.2 we defined the mapping space C{x, x') 
for any oo-category C. In the present proof, for convenience we will take a different 
(but weakly equivalent) model of the mapping space: Namely, we take the m-simplices 
of C(x, x') to be the (m + l)-simplices of C whose face opposite the (m + l)st vertex is 
a degenerate face at x, and whose (m + l)st vertex is x' . 

Since Lagp (Xd, K^) and LagQ"'"^(XD, K^"*"^) are Kan complexes, we merely need to 
solve the lifting problem 

QA-^^LagS*(XD,KSO 



^ -LagS^+i(XD,K-S+i). 

By definition, / yields a map 5A™+^ — t- Lagp, which in turn induces a canon ical 
map : ((9A™+^)^ — )■ (Lag^)^. Applying the functor of Proposition 



6.1.8 



we 



observe that F*(/^) is an outer horn in Lagp^^, with the face opposite the (m + 2)nd 
vertex deleted. 
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By Proposition 6.1.9[ the edge between the (m + l)st and (m + 2)nd vertices is 



invertible. Hence we can exchange the ordering of the two vertices, obtaining an inner 
horn corresponding to a (m + 2)-simplex with the (m + l)st face deleted. (Strictly 
speaking, we must post-compose with the inverse of the edge to obtain an inner horn 
whose boundary agrees with the outer horn.) 

By the weak Kan property of Lagp"*"^, this inner horn can be filled. The resulting 
(m + l)st face is a map / : A™ Lagp+-'^(XD, ^q^^) whose boundary is /. □ 



Remark 6.1.10 (The need for Proposition 6.1.9). Let Xq : A™ — )■ Lag^ be an m- 
simplex. Then the functor will map the (m-l-l)-simplex given by the join X^ = Xq** 
to an (m + l)-simplex F*(Xq) with terminal vertex -F*(*) = Kd(P)**"''"'^ and initial 
opposite face X^. 

In other words, to each m-simplex in Lag^ , the functor compatibly produces an 
m-simplex in (LagQ'''^)K solving the lifting problem 



A™ ■ 

Xd 



(Lag^D^ 



Lag 



D 



Lags 



oi+l 



If LagD and (LagD)K were Kan complexes (rather than weak Kan complexes), such a 
lift would suffice to show that K is a terminal object of Lag^ by standard topological 
arguments. However , since we are dealing with oo-categories (rather than groupoids), 
we need Proposition 6.1.9 regarding the invertibility of F*(Kq(P)** — t- *). This makes 
the proof of Lemma 6.1.6 possible. 



Remark 6.1.11. To unpack the lifting problem in terms of diagrams in Lag*' 
that an m-simplex Xq : A™" — )• Lagp represents a diagram in Lag** of the form 



recall 




After stabilizing once, we can regard this as the diagram in Lag**^ of the form 
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To construct the functor F*, we must compatibly construct a diagram of the form 

X 




Note this is analogous to proving the "existence" part of the universal property of the 
kernel. The "uniqueness" part is taken care of by the fact that is defined compatibly 
for all simplices. 

6.2. Anatomy of lift. In this interlude between arguments, we introduce some nota- 
tion and conventions for what follows. Since many of our constructions will take place 
in M^, we hope these will ease the presentation of our proofs. In particular, we intro- 



duce Figure 6.2.1 which will be frequently referenced during our constructions. We will 
proceed assuming we have constructed and develop some pictures of its structure. 
These will guide us in its construction. 

Throughout what follows, we will adopt a notational shorthand: We will represent 
a simplex X : A*" — )• Lag by concatenation of its vertices, XqXi • • -X.^. The higher 
morphisms represented by X are to be understood. 
As discussed in Remark 



in Lag** of the form 



6.1.4 



an m-simplex Xp : A™ — )• Lag^ represents a diagram 



X 







■-0 



■-1 • 



This commutative diagram should not be taken too literally: There are more vertices, 
edges, and higher simplices than naively drawn. In this pictorial shorthand, any edge 
drawn from X to another vertex should be interpreted as a terminal cone from X to 
that vertex. 

To construct the functor F^, we must compatibly construct a diagram of the form 




This diagram comprises a pair of (m + 3)-simplices in Lag**^^ glued along a common 
(m + 2)-simplex. If Xq, . . . , X^ G Lag*' denote the underlying vertices of Xq, then the 
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two (m + 3)-simplices are built upon compositions 

Xo---XmKOLi Xo • • • XmKLoLi. 
The common (m + 2)-simplex is built upon a composition 

Xq • • • XmKLi. 

As with our pictures, we will denote such compositions by the respective expressions 

XKOLi XKLqLi XKLi 

with the understanding that X is a general m-simplex. 

Let us now return to the geometry of Lag and examine what such simplices encode. 
Recall that an (m + 3)-simplex of Lag^*"*"^ represents a cobordism in 

M X r*M*+i X T*Rt X r*M™+2 

where M^"*"^, Mt, and M™"*"^ denote the stabihzing, time, and space directions. 
In order to draw pictures, let us project onto the final two space coordinates 



M xT 



X T*Rt X T 



Then we can depict the cobordisms represented by the {m + 3)-simplices XKOLi and 
XKLqLi as living over squares, and that represented by the common (m + 2)-simplex 
XKLi as living over a common edge. This is depicted in Figure 6.2. 1[ 



XOLi 



XLQLii 



XKOLi 



XKL^ 



XKLqLi 

Figure 6.2.1. A schematic picture of the cobordims comprising F*(Xp) projected onto 



the final two space coordinates 



. The horizontal direction is the Xm+i- 



direction and the vertical is the Xm+2-direction; the lower left vertex XLqLi is placed 
at (0,0), and the other vertices are at integral points. 
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Looking at Figure 6.2.1, along the lefthand edge Xm+i = 0, we see that F*(X^) is 
collared by the original diagram Xp- 

Along the righthand edge Xm+i = 1, we see that F*(X^) is collared by a composition: 
it represents a map from X to the kernel diagram Kq. To produce i^*(Xp), a cobordism 
living over this rectangle, is to produce a homotopy parametrizing between the two 
edges. 



Throughout what follows, we will refer to Figure 6.2.1 as a guide. Our first step. 



taken in Section 6.3 will be to construct the map from X to the kernel diagram Kp, 
producing the righthand edge Xm+i = 1- 

6.3. Map to kernel. In what follows, we assume without loss of generality that i = 0. 
Accordingly we will simply denote the functor by F. 

Recall that an m-simplex Xq : A*" — t- Lag^" with underlying m-simplex X : A"^ — t- 
Lag**^ represents a diagram 



X 







If. 



Given the above data, we will construct here a natural map 

X ^ K 

or more precisely, a functor 

FiiLag^oO -Lag^K^- 

The notation Fi reflects the fact that this will yield the boundary value of the functor 
F along the edge 

XKOLi 



XKLi 



XKLnL 



OLl 



given by Xm+i = 1 in Figure 6.2.1 This is because, taking the composition of X 
with the kernel diagram 

X 



K 



K 



I 

■-0 



ol 
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we can regard Fi as a functor 



Fi : Lag-pO Lag^K^ ^ Lago 



which will be the boundary value of F along the edge given by x^+i = 1 in Figure [6 .2.1 



In alternative but equivalent terms, to construct the functor Fi, we must functorically 
solve the lifting problem 

A™ - - ^Lag^^ 



Xd 

Lag^DO^Lag^Di. 



We will solve this for a single simplex, then check afterwards that it is compatible with 
face and degeneracy maps. 

Construction 6.3.1 (of the functor Fi on an m-simplex Xd). The construction is 



summarized in Figure 6.3.2 We follow the figure's steps (a) through (d). 

(a) Let Xd be a m-simpl ex in Lagp*^, and let the vertices of /(X) be Xq, . . . ,Xm G 



Lag**^. As noted in Remark |6.1.4[ Xd corresponds to a diagram in Lag**^ obtained by 



gluing two (m + 2)-simplices along a common face. (One of these simplices contains 
the vertex Lq, while the other contains the vertex 0.) Hence Xd yields the data of two 
cubical Lagrangians living inside M X T*Rt X r*M™+^ We depict these two cubical 
cobordisms in Figure 6.3.2[ a). The cubes have been projected onto the plane spanned 



by the coordinates t and Xm+i- 

(b) The simplex of Xd containing the vertex Lq is collared along one facet by the 
cobordism P. The other cube has a face collared by a cobordism factoring through the 
empty Lagrangian L0. The two cubes share a common face — the collaring condition 
says we can smoothly glue the two cubes along this common face. This yields the cube 
depicted in (b), which we have re-scaled to make the cube narrower. We now think of 
this as a Lagrangian living in 



M X T*Rs X T*Rt X T 



*Tli>m 



treating the Xm+i direction as the stabilizing s direction. 

(c) To make the construction explicit, assume we have chosen a model so that the 
cobordism depicted in (b) lives above the open rectangle 

(0,1) X (-4,0) C X Rf 

Further assume that this model is collared by the object Lq along the open edge 

{0}x(-2,-l) 

and by the morphism P along the open edge 

{0}x(-l,0). 

The cube is labeled accordingly in Figure [6.3. 2[ b). 

To obtain the cube in (c), we perform the rotation construction taking the edge 

{0} X (-2,0) 
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Figure 6.3.2. A depiction of the steps in the construction of Fi(Xd). We begin in (a) 
with the two cobordisms given by the diagram Xq- After gluing and rescahng (a), we 
obtain the cobordism in (b). We then obtain (c) by rotating the portion of (b) cohared 
by Lo and P. Finally, to obtain (d), we carve (c) by a one- form dij. 



to the edge 

(-2,0) X {0} 

by rotating clockwise about the origin. 

(d) To obtain the cube in (d) , we translate by a 1-form drj = dr)o + drji . To define 
r]o, let E be the union of three edges 

({-2} X (-2, oo)) U ((-2, 0) X {-2}) U ({0} x (-2, -oo)) c = x Rf 

Let e > and define N+ to be the closed set 

:= {{es + s,et + t) \ (es,et) e E and s,t e [0,e].} 
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Choose a smooth function / : Ms x — )• M such that 

(1) f\E = 1, f\9NAE = 0, 

(2) / is locahy constant on R^\A^_|_, 

(3) / has no critical points on A^+\(?A^+, and 

(4) g < on N+\dN+. 

Treating f as a function on x x with dependence only on t and s, We define 

r/o = -log(l - /) 
Now we define ryi. Let u{t) : M — )• M be a C°° function such that 

""IC-oo.l-e] = 0; ""[[l.oo) = 1 

and 

CritH n (1 - e, 1) = 0- 
Then we define r/i : x x R™ — ^ R to be the function 

I - u{s)u{t + 2 - e) 



Vi = log 



1 — u{s)u{—t — e) 



with dependence only on t and s. Defining r] := rjQ + rji, we obtain the cobordism in 
step (d) by translating the cobordism in (c) by F^. 

We have chosen a model in which the edge s = 1 is collared by the empty Lagrangian 
L0 at t = —1, so that this translation does not yield a singular Lagrangian. The 
resulting brane structure of (d) is the obvious induced brane structure. 

The careful reader will notice that for i > 0, the same construction yields a map to 



K(P**), not to K(P)**. But the observation from Remark 5.3.6 tells us we can always 
post-compose with a rotation taking the Sj+i-axis to the si-axis, and this is how we 
define for i > 0. 

This ends the construction. 

Finally, as we have not affected the directions xi, . . . , in the simplex X, the 
cobordism F^XJ^) is collared in the xi, . . . ,Xm coordinates by the appropriate facets. 
So we have 

Lemma 6.3.3. The construction above is compatible with face and degeneracy maps. 



6.4. Proof of Proposition 6.1.8. Let us return to the organizational framework of 



Figure 6.2.1 It depicts that we must construct a cobordism 

F^(X^) C M X T*Rs X T*Rt x T*R™+2 
living over the open rectangle 

i?=(0,l)x(0,2)cR.„^, xR,^^,. 
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Furthermore, we have the following prescribed boundary values. First, along the 
labelled edge 

XOLi 



XLi 



XLoLi 

given by Xm+i = 0, we have the cobordism given by the initial data Xq itself. 
Along the labelled edge 

XKOLi 



XKLi 



XKLoLi 

given by Xm+i = 1, we have the cobordism Fi{Xo) constructed in the previous section. 

Here is a rough summary of our approach to the above challenge. First, we construct 
a cobordism living over the triangle 

(T) XOLi 




XLi XKLi 




XLoLi 

with vertices given by the coordinates (0, 0), (0, 2), (1, 1). Then we extend it over the 
two missing triangles 

(Ti) XOLi XKOLi 




XLoLi XKLoLi 

with vertices given by the coordinates (0, 2), (1, 2), (1, 1) and (0, 0), (1, 0), (1, 1) respec- 
tively. 
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Finally, it will be straightforward to see that the above constructions yield the desired 
boundary values and are compatible with face and degeneracy maps. 

6.4.1. Cobordism over triangle^^ Recall the rectangle R = (0,1) x (0,2), and the 
triangle T C R with vertices given by the coordinates (0, 0), (0, 2), (1, 1). 

We will construct a cobodism 

W C M X T*R, X T*Rt x T*{R^ x R) 
living over the rectangle R, and then pull back W to a cobordism 

W' = (/>*(W) C M X r*M^ X T*Rt X T*{R^ x T) 
living over the triangle T by the diffeomorphism 

One might be concerned about the complicated behavior of (p near the boundary, 
but this will be of no consequence: W will be collared by the zero section near the 
boundary. 

Construction 6.4.1 (of cobordism W). We will construct W as the union of three 
Lagrangians 

W = Wp :]UWji 2]UW[| y. 

The subscripts [o, b] refer to the fact that we will construct W over the intervals [a, b] C 
^xm+i piece by piece. We will glue the pieces together to obtain one cobordism W 
living over [0, 1] C Rx„,+i- 

We describe the construction of each of these pieces, stating lemmas along the way 
and leaving the proof of these lemmas til afterward. 

6.4.2. Set-up for construction of \N . The cobordism S(Xd). Let X — t- K be the map 



given in construction 6.3.1 and let h : K — t- Li be the simplex constructed in Construc- 



tion 5.3.2 Consider the composition 

X 



as given in Definition 4.1.9, For example if X/) is an m-simplex in Lag^ (so it yields a 
pair of (m + 2)-simplices in Lag*^), we extend h by the zero section 

rp* Tipm+l 

before concatenating with the cobordism X — )• K. 

For concreteness we fix a model of X — )• K — )• Li as follows. We assume that the 



cobordism X — >• K lives above the time interval (—4,0) C Rt as in Construction 6.3.1 
and that h lives above the interval (0,5). (That is, we choose a model such that h 
has been translated by two units in the time direction. For instance it allows a non- 
characteristic cut at t = 2.5 — e.) This composition is depicted in Figure 6.4.3[ a). 



Construction 6.4.2 (of S(Xd)). Now we note that there is an isotopy of domain. 



depicted in Figure 6.4.3[ which takes (X — )• K) o h and produces a morphism X — )• Li 
living over a rectangular domain in Rg xRf. (Compare to Figure [6X2t b).) We denote 
the resulting morphism X — )• Li by S(Xd). 
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Lr 



TT 



- Ln 



Z Lo 



Figure 6.4.3. An isotopy taking (a) the cobordism (X — t- K) o H to (b) the cobordism 
S(Xd)- The horizontal coordinate is the s direction, and the vertical coordinate is the 
t direction. 



Remark 6.4.4. Note that a copy of X^) is contained in the Lagrangian S(X£)) by 
construction: As we travel in the s direction of S{Xo), we witness exactly the evolu- 
tion of X/). The issue is that s is a stabilizing direction; hence we want W to be a 
cobordism which takes this stabilizing direction and 'turns' it into a direction in which 
morphisms are allowed to evolve, namely the direction Xm+2- If there were no inherent 
difference between a stabilizing s direction and a morphism x direction in our set-up, 
the construction of W would be trivial. 



6.4.3. Construction o/ Wj2 ^j. We parametrize the isotopy from Figure 6.4.3 by the 
interval 

[^,1] CM.„+,. 



X 



By Example 4.5.2, we can realize the isotopy by a cobordism 

W[2^^] C (M X T*Rs) X T*Rt x T 
Setting 

TTm+2 : Ms X Mf X M^^^ — > 

to be projection onto the last coordinate, we define Wj2 by the pullback 



Wf2i] :=7T*^+2Wq,i]=W[mxTi 
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We direct the isotopy so that Wf2 is collared by 



1-3 ' 



XKLi X 

along Xm+i = 1, and by 
along Xm+i = I- 



6.4.4. Construction o/Wji 2j . This is done by carving Wp/s^ij. First we define a subset 

^ C Mt X M, X M^^^^ X M^„^, 

by A = ^'U^", where 

A := [-4 + e, 5 - e]t X (-co, 1 - e)^ x (-oo, 1/3 + e]^.^+i x [2 - e, oo)^^^^ 

and 

A" := [-4 + e, 5 - e]t X [e, oo)^ x (-oo, 1/3 + e]^^^, x (-co, e]a;„+2- 

We let N^/2{^) be its open e/2-neighborhood. 
Then we let 

/ : = X X M,„^, x M,„^, ^ M 

be a function such that 

f-\l) = A, f-\0) = R\N,/2{A), Crit(/) = f-\l) U f-\0). 
We then declare 

W[i/3,2/3] c (W2/3 X ri|^^^^M,.„^j + r„i„g(i_^) 

to be the portion living above [1/3, 2/3] C M^^^^-^. It is easily seen that this cobordism 
is collared at Xm+i = 1/3; we denote by W1/3 the brane which collars Wji/3 2/3] there. 

Remark 6.4.5 (An explanation of A). The interval [4 + e,5 — e]t is chosen in the 
definition of A so that the resulting carving by / is still collared by L after time t = 5, 
and by X before time t = —4. 

The interval (—00, l/3 + e]s is chosen so that V\/[i/3 2/3] is indeed collared by W2/3 for 
s » 1/3, and by the Lagrangian W1/3 along s < 1/3. 



Finally, depicted in Figure 6.4.6 is the portion of living over the time interval 



(-4 + e,5-e) cRf 

Note that for Xm+2 < ^1/3 is collared by (a tilt of) the morphism XLqLi, and for 
Xm+2 > 2 — e, Wi/3 is collared by (a tilt of) XL0L1. 
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1-e 1 




e 



Figure 6.4.6. The portion of living over the the time interval (— 4 + e, 5 — e) C Mf 
Depicted is the projection onto x M^j^^j- The horizontal direction is the s direction, 
and the vertical direction is the Xm+2 direction. 



6.4.5. Construction 0/ ij. Assume the following Lemma: 

Lemma 6.4.7. There is a lagrangian cobordism from V^i/s to (a tilt of) Xd. 
We let this cobordism be Wjo^i/s], living over the interval 

[0,1/3]CM.„^, 

and directed in such a way that collars W[o,i/3] at Xm+i = 0. We are finished by 
declaring 

W:=W[o i]UW[i |]UW[| y. 



Proof of Lemma G.J^.l. Let [/ C x Ma;^_^2 be the region depicted in Figure 6.4.6 
Explicitly, U is the union of three rectangles: 

V = {\-e, \)s X [2 - e, oo)^„+2 ]J(0, \), x (e, 2 - e)xm+2 ]J(0, e), x (-00, ej^^^^. 

Fix an orientation-preserving diffeomorphism 

V':(0,1), ^(0,e), 

and choose a smooth isotopy 

■■ [0, 1/3], X (0, 1), X M,^^, ^ (0, 1), X R,^^, 
satisfying the following properties: 

(1) =^0 = ^C?(0,l)xR 
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(2) ^i/3((0,l)xM) = C/ 

(3) For all s G (0, 1), oS^i/3(s,x) =: 7s(x) is a smooth curve such that 

(a) js{x) = {^p{s),x) for x [e, 2 — e], and 

(b) writing the tangent vector to 7s (x) as 

^7s{x) = ads + bd,^^, G r^4.))((0, 1) X M), 

we require that one has a, 6 > and a + b > for all x. 

The point of the isotopy is that as r moves from to 1/3, a vertical line in the Xm+2 
direction is isotoped into a curve which points primarily in the s direction. This is the 
essence of the W as explained in Remark 6.4.4[ 

One can clearly choose such an isotopy J/'r such that the isotopy takes the tilt 

(Xd xriogfe)n7r,-i(-4,5) 

at r = to the Lagrangian 

Wi/3n7r-i(-4,5) 

at r = 1/3. Here, 6 : — )• M is a tilting function, and nt is the projection to the zero 
section in the time direction: 

TTt-.Mx T*Rs X T*Rt X r*M^ x T*M^.^^2 Rf 

We are also imagining that X/j, as it moves from to 2 in the Xm+2 direction, is evolving 
from the cobordism XLqLi to the cobordism XL0L1. 

By Example 4.5.2| one can realize the isotopy =5^ as a cobordism evolving in the x^_|_]^ 
direction — we have replaced by Xm+i the coordinate r. All that remains, then, is to 
extend the cobordism associated to ^x^^+i > which lives above the time interval (—4, 5) C 
Rt, to a cobordism living over the whole of Rt- This is done by first constructing a 
non-smooth Lagrangian V, then creating a smooth Lagrangian Wp^i/s] by pushing the 
non-smooth portions to infinity via carving. That is, we will define 

W[o,i/3] :=v + ry, 

for a suitable function fs and some singular Lagrangian V. 
The non-smooth Lagrangian V is defined as follows. Let 

V(_^,_4] :=7r,-i(-oo,4]f|(S(Xz5) xr(*o_,/3)(0,l/3),„^, xT^^^ 

V[5,oo) :=^r'[5,oo)f|(S(X,5) xr*o^i/3)(0,l/3),„^, xT^^^^^M.^^,) 
and let V[_4 5] be the cobordism associated to S^x,n+i ■ Clearly 

V := V(_oo -4] U V[_4 _5] U \/[5,oo) 

is singular above the times t = —4 and t = 5. However, note that at Xm+i = 0, V is 
collared by the tilt 

Xd X Flog 6 

as desired. 

We fix the non-smoothness of V via carving by a function fs, constructed as follows. 
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Consider the set 

S' = |J{x™+i}x^,„^,((0,l)xM) 

Xm + l 

CZ M7. I -, X X M7. I „. 
S' is the projection of the graph of an isotopy. Setting 

S = S' X [-4, 5]i C 

we can choose a function 

/5 : ^ [0, 1] 

such that 

fs\i) = W\s, fsHo, i) = sn N,{dS), Crit(/5) = fs'a) u fsHo)- 



Here, M^yS* is the closure of M^\S', and N):{dS) denotes the e- neighborhood of dS. The 
resulting Lagrangian 

W[o,i/3] :=v + ry, 

is the cobordism we seek. □ 
This concludes the construction of W. 

Remark 6.4.8 (Description of W.). By construction, (j)*\N is indeed collared along 
Xm+i = by a tilt of the diagram X^, and is collared at the vertex 

by the cobordism XKLi. 

Remark 6.4.9. Each part of the decomposition 

W = Wp_i]UWji 2]UW[| ,]. 

can be described as follows. We began by isotoping XKLi to S{Xd) along the interval 
[2/3,1] C Ma:^^-^. Along the interval [1/3,2/3] we turned SiXf)) into a form where 
we could begin to change the s-evolution of S(X£)) into an evolution along the Xm+2 
direction. We then 'turned' the s evolution into an Xm+2 evolution via an isotopy along 
the interval [0, 1/3]. 



6.4.6. Cobordisms over triangles Ti. T2 , In Construction 6.4.1 we constructed a cobor- 
dism 

W' = (p*(\N) C M X T*R, X T*Rt x T*{R^ x T) 
living over the triangle T. We will now construct cobordisms 

Wi C M X r*M, X T*Rt X r*(M™ x Ti) 
W2 C M X T*Rs X T*Rt X r*(]R™ x T2) 



living over the triangles Ti and T2, respectively, extending the cobordism W. The two 



are similar in nature, and we will focus on the latter and leave the former to the reader. 
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Construction 6.4.10. Let C C X the interior of tlie triangle with, 

vertices 

= (0,0), t;i = (1,0), t;2 = (1,1) G M.^+i x M,^^, 

and let djC be the edge in dC = C\C opposite the vertex Vi. We choose an orientation- 
perserving difFeomorphism 

0:C7^(O,l)j,, x(0,l),, C 

satisfying the following: 

(1) There is some open neighborhood U C Kx„j+i x M^j^^j of the edge (i2C such 
that 

<^(Cnc/) = (o,e)^, x(0,l),, 

for some e, and 

lim </.(x) = (0, J) G M^. 
x^{l/3,l/3) 2' 

(2) There is some open neighborhood V C Mx^+i x '&xm+2 °f the union doC U diC 
such that 

0(cny) = (i-e,i),, x(o,i),, 

and 

hrn </>(x) = (l,J)GM^_ 

We will construct a Lagrangian cobordism 

Y C M X T*(M^ X X X M^) 

and define 

0*Y C M X T*(]Rs X Mt X M"+^) 

to be the portion of i^(Xp) living above C. 

First, note that Y must be collared by certain cobordisms Yj along the edges yi = i 
for i = 0,1: 

Along ui = 0, Yq begins as the cobordism XLqLi, and (a) as we move from ?/2 = 
toward 2/2 = 5, it is isotoped to the portion of W1/3 living over the vertex (1/3, 1/3) G 



. (b) At ?/2 = 5, Y is carved into W2/3, and (c) is isotoped thereafter to 



the cobordism XKLi, which collars (0, 1) G 



The description along yi = 1 is analogous: (a) At (1, 0), Yi begins as XLqLi, the n (b) 



5.3.4 



^-t y2 = 5) Y is carved into the Lagrangian XKLoLi = Po KoX from Construction 
and (c) it is then isotoped until Y equals XKLi at (1, 1) G M^. 

We have described the cobordisms Yj which collar the edges yi = i. The key obser- 
vation is 

Lemma 6.4.11. There exists an isotopy of domain in x Mt taking Yq to Yi. 

We parametrize this isotopy by the interval [0,1] C Mj^+i, and we let Y be the 
Lagrangian cobordism corresponding to this isotopy. This concludes the construction 
ofF(X>). 
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Proof of Lemma 6.4-11 Let C Ms x be the domain of the Lagrangian coharing 
Yj at 2/2 = 5 + e, and let be the domain of the Lagrangian collaring Yi at 1/2 = 5 — £• 
Then A'j\Ai C Ms x is the region carved out of at 7/2 = 5. 

There is an obvious isotopy taking Aq to A'^ which restricts to an isotopy from Aq 
to Ai] this induces the isotopy of domain taking Yq to Yi. □ 



6.4.7. Compatibillity with simplicial maps. Given an m-simplex Xq : A™ — )• Lagp, 
we have constructed F(Xp). Note that all the constructions depended only on the 
coordinates s,t,Xm+i, and Xm+2, and did not depend on any spatial coordinate Xj for 
j < m. In other words, the constructions restrict to the faces of — note that the 
dependence on the time coordinate is remedied by the fact that all morphisms are 



identified up to time reparametrization. This completes the proof of Proposition 6.1.8 



6.5. Proof of Proposition 6.1.9. Now that we have constructed the functor F as 



described in Proposition 6.1.8 we turn to the proof of Proposition 6.1.9 



Without loss of generality, we may assume that i = 1 and study the functor F^. To 
reduce clutter, let us introduce the notation 



Then we seek to show the natural morphism 



FHKd(P) ^ *) G Lag^2(F*(KD(P)),XD) 



is invertible. Here Kd(P) — >• * is the unique simplex from Kq to * in the cone category. 
Our proof once again will be constructive: we will find a cobordism 



I C M X T*R, X r*M. X r*M!"+^ 



with prescribed boundary values. To approach this, following the pattern of Fig- 



ure 6.2.1, let us project onto the final three space coordinates 



M X T*Rs X T*Rt X T 
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Then the cobordism I wih hve over the following labelled cube 

XXOLi XKXOLi 



XOLi 



XKOLi 




XXLoLi 



XKXLoLi 



XLnL 



OLl 



XKLnL 



OLl 



We view this cube as a parameterized version of the rectangle of Figure 6.2.1 Namely, 
the new Xm+3-direction points into the paper so that along the face X3 = we recover 



precisely Figure 6.2. 1[ The face is labelled to indicate that the cobordism I will be 
collared by Xd = F^{*) along it. Along the lefthand face given by Xm+i = 0, the 
cobordism I will be collared by the degenerate cobordism obtained by setting the mor- 
phism X — )• X to be the identity of X. 

6.5.1. Construction o/l|a;-j=i. The point is to construct a diagram 



Rot 



at the level of objects in Lag (not at the level of objects in the over-category Lag^).) 




The map Rot indicates the isotopy of domain described in Remark 5.3.6, rotating the 



S2 axis into the si axis. We follow the construction as depicted in Figure 6.5.1 

(a) Examine the morphism X — )• K given by Fl; this is given by a Lagrangian 
cobordism living in M x T*Mt x r*M5. Its projection onto rj^2lKs is the union of two 
rectangles: 

7riFl) = RiUR2, i?i = (-2,-1),, X (-2,0],,, i^s = (-2, 1),, x (0, 1),,. 

The part of F^ living over R2 encodes the data of the map X — )■ D, and the portion 
over Ri is contained in Figure 6.3.2 — it is the difference between part (b) and part (c) 
of the figure. It is also the shaded region in Figure 6^5?T| a). 

(b) The main observation is that, since F^ is collared along the interval si = —2 
by the morphism P, we can perform an isotopy of domain <j) moving Ri U -R2 to a new 
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y y' 




Figure 6.5.1. A depiction of the face l|a;3=i. (a) is the morphism X — t- K given by 
. (b) is obtained by an isotopy of domain in the si-S2-plane. The shaded portion 
indicates the part of the cobordism affected by the isotopy. Note the isotopy is possible 
because along si = — 1 the morphism X — >■ K is collared by P. Wc parametrize this 
isotopy by the coordinate X2, though this is not indicated in the figure. We carve the 
cobordism from (b) to obtain the cobordism in (c). Clearly the morphism in (c) is 
isotopic to the identity morphism of X. Note that this figure is not to scale. 



domain 

i?i U i?2 

where the set i?^ is given by isotoping R\ to the domain 

i?; = (-4,-2),, x(^-e,^ + e),,. 

We correspondingly induce an isotopy on the rotation morphism K — )• X (this is not 
depicted in the figure). 
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(c) We now carve (b) to obtain yield the cobordism described in Figure 6.5.1 c). 
Note that the carving yields a cobordism which, along the region of h allowing a non- 
characteristic cut, approaches — oo in the dt direction. Moreover, straightening the 
snake- like path that the morphism P takes within the cobordism of (c), it is clear that 
we can isotope (c) into the identity morphism from X to itself. This completes the 
construction of \x3=i- 

6.5.2. Construction of I. The key observation is that the cobordism from X — t- K to D 
has two geometric copies of the diagram Xq inside it; the construction of I is simply 
an interpolation between the two. Specifically, there is a copy of Xq in the X2 direc- 
tion, g iven b y D itself, and there is a second copy in the S2 direction, as depicted in 
Figure 6.3.2 b). This was part of the definition of the morphism : K. 

The only difference between the faces we have constructed at 2:3 = and X3 = 1 is 
that different copies of D are isotoped from the xi = 1 face to the xi = face. More 
explicitly, along the face X3 = 0, the cobordism from Construction 6.5.1 isotopes the 



copy of D in the S2 direction to re-orient D into the X2 direction, and carves out the 
copy of D originally living in the X2 direction. Along the face X3 = 1, we have done 
just the opposite: We carved out the copy of D living in the S2 direction, keeping only 
the copy living in the X2 direction. 

(1) We first fill in the portion of I along the interval [2/3, l]x2- The simple observation 

b) are both obtained by performing 



6.5.1 



is that y^2/3 s-i^d the cobordism from Figure 
an isotopy on the basic morphism XKLi. Further we can demand that the face 1x2=1 
be collared by the isotopy which isotopes X into K by performing a rotation on the 
coordinates si and S2- So we have three isotopies collaring three edges — [2/3,l]2^2 ^ 
{0}a;3, [2/3, l]x2 X {l}x3i and {l}x2 x [0, l]x-3. Clearly we can find a 2-simplex in the space 
of all isotopies of domain, parametrizing between these three isotopies. Realizing this 
2-simplex as a cobordism, we have filled in the portion of I living above the rectangle 

[2/3,l]x2 X [0,l]x, CMx2 xMx3- 

(2) Next we observe that there is an isotopy ip of Msg x 'Rx2 which we depict in 
The salient feature is that it takes the domain of W1/3 as described in 




Figure 



and transports it to the rectangle in 



given by 



( 



1 



1 



^X2- 



We parametrize this isotopy by the coordinate X3. Note that the function / (which 
we used to carve out W1/3 in Section 6.4.4) can be isotoped along ip. Let us call this 
new function / and carve the coboridsm from (1) by /, realizing this carving as taking 
place along the interval [1/3, 2/3] ^a- Then at X2 = 1/3, we have a cobordism such that 
at = 1 we have the cobordism from Figure 6.5.1[ c), and at X3 = we have carved 



out the cobordism W1/3 from Section 6.4.4 



(3) Now we can use the same trick we used in step (1). Note that the cobordisms 
given by 11x3=1, IU3=o are merely isotopies of domain along the interval [0, l/3]x2- We 
can again find a 2-simplex in the space of isotopies to fill in the three isotopies at play. 
(Namely, these are the isotopies realized along the edges [0, l/3]x2 ^ {l}x'3' [0, l/3]x2 ^ 
{0}x2, and {l/3}x2 ^ [0)l]a;3-) Realizing this 2-simplex as an actual cobordism living 
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+ e 





Figure 6.5.2. The isotopy described in the construction of I. The horizontal coor- 
dinate is ,82 and the vertical coordinate is X2- The indicated asymptotics are a result 
of the carving function / which we induce using ^. 



above the rectangle [0, 1/3] x [0, l]xs and demanding that along {0}x2 x [0; Ijxa it be 
the identity, we have our desired I. 

7. The loop functor 



Finally, with the preceding construction of kernels in hand, and with Theorem 4.4.5 
in mind, we discuss properties of the loop functor of Lag. 

7.1. Definition of loop functor. Let C be an oo-category with a zero object G C. 
Define the simplicial set to consist of all maps 

1 ^ Ai ^ r 



X A 

whose image is a limit diagram (Cartesian square) of the form 

y ^0 





The obvious evaluations give a pair of maps y, x : — >• C, and if such Cartesian 
squares always exist, then a; : — )• C is a trivial fibration, and hence there is a 
contractible space of sections s : C — )• C^. In this case, the loop functor : C — )• C is 
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Figure 7.2.1. A comparison of fiL and L. At the origin, both il.L and the tilt of L 
have grading equal to a. Isotoping both fiL and the tilt of L to the product of L with 
the conormal to a point, we see that the two objects are isomorphic up to a grading 
shift of one. 



defined to be the composition 



n : C C. 



Similarly, if colimit diagrams (cocartesian squares) of the form 

X ^0 




always exist, then one can define the suspension functor S : C — t- C. 

7.2. Loop functor for Lag. Let us begin by describing the action of the loop functor 
of Lag on objects. Then we will formally calculate its action on all simplices. 

Fix an object L E Lag. By definition, the object OL G Lag is the kernel of the zero 
map : L0 — )• L. By construction, this is a cobordism i7L C M x T*M given by the 
product of L with a graph. The graph is Hamiltonian isotopic to the conormal to a 
point, and hence OL is equivalent up to a shift of grading with the stabilization L*^. 
Deciding what the grading is comes down to comparing the gradings on the graph and 



the conormal to a point. We refer to Figure 7.2 to see that they will differ by one. 
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Proposition 7.2.2. Fix an object L G Lag thought of as a brane. The kernel of the 
zero morphism : — )• L, or in other words, the limit to the diagram 





— ^ 

is the brane L with grading shifted downward by one. 

More generally, given a k-simplex P : A'^ — t- Lag thought of as a brane, its looping 
rjP : — )■ Lag is again the brane P with grading shifted downward by one. 

Proof. Set M' = A' = L' = pt, and consider the zero map : L0 — )• L'. Recall the 
corresponding cobordism h' C r*M^ constructed as part of the kernel diagram. 

Returning to the given M and A, consider a fc-simplex P : A'^ — )• Lag^(M) repre- 
senting a cobordism Q C M x T*R x T*R''. Then the product Q x h' C M x T*R x 
T*M^ X T*M^ is again a cobordism giving a {k + 2)-simplex of Lag. 

It is easily seen that Q x h' gives a simplicial section Lag — t- Lag^. 

Finally, observe that the product with h' gives a cobordism from the original k- 
simplex P to a new A:-simplex fiP whose underlying brane has grading shifted downward 
by one. □ 

Remark 7.2.3. One can similarly prove that the suspension functor is given by a shift 
of grading upward by one. 

Remark 7.2.4. The proof of the proposition exploits a more general structure: one 
can show that Lagp^{pt) is a symmetric monoidal 00-category and Lag^(M) is naturally 
a module category. 

Remark 7.2.5. The reader may wonder if the grading shift arose simply from grading 
conventions. But the grading conventions are necessary: for the cobordism H from 
the composition P o k to the zero map to restrict to the appropriate gradings on its 
boundaries, a grading shift of one needed to appear. 

Note that shifting grading is clearly an autoequivalence. Hence we can now conclude 



with our main result: combining Theorem 4.2.3 (Lag has a zero object). Theorem 6.1.5 



(Lag admits kernels), and Proposition 7.2.2 (the loop functor of Lag is invertible). 
Theorem 1 . 1 . 14| immediately follows from Lurie's theorem (Theorem |4.4.5 ). 
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8. Appendix: oo-categories 

Here we review oo-categories, in particular collecting the results we need for our 
present work. In this appendix only, we will use the term category to mean a strict 
category - that is, a category in the sense of Mac Lane [M] for example. Outside the 
appendix, by a category, we mean an oo-category. 

8.0. 1. Background. The theory of oo-categories was first developed by Joyal (a recent 
reference is [J02]), who coined them quasi- categories. Quasi-categories are direct gener- 
alizations of ordinary categories, allowing spaces of morphisms between objects. More- 
over, the notion of a functor between quasi-categories, in which homotopies between 
morphisms must be preserved, is easily defined. 

There are many extant models for capturing the idea of an (oo, l)-category, including 
complete Segal spaces and simplicial categories, all of which are equivalent. (See [B06] .) 
We choose to use the language of quasi-categories since a formidable toolkit based on 
quasi-categories has been developed, as most notably evidenced in Lurie's [ LTop06| and 
|L11] . Moreover, since every aspect of the theory is based on the well-studied theory of 
simplicial sets, deep homotopical statements can be reduced to proofs requiring concrete 
objectives. The model is formal enough to capture the structures we take interest in, 
and down-to-earth enough that we can prove concrete, applicable results. 

As the main references for quasi-categories are quite large, we hope that this appendix 
will save the reader some effort in digging through the archives. Nothing collected in 
the appendix is original, and we learned most of this material from |LTop06| . (This is 
also our source for the term oo-category, which is synonymous with quasi-category.) 

8.1. Simplicial sets, horns, quasi-categories. Let A be the category whose ob- 
jects are finite, ordered, non-empty sets, and whose morphisms are order-preserving 
maps. Every object in A is isomorphic to the object [n] = {0, 1, . . . , n} with numerical 
ordering. 

As usual the injective morphism dj : [n] ^ [n + 1] skipping the ith element of [n + 1] 
is called the ith face map, and the surjective morphism Sj : [n + 1] — t- [n] whose fiber 
above [i] G [n] is the set {i,i + 1} C [n + 1] is called the ith degeneracy map. Every 
morphism in A is a composition of face and degeneracy maps. 

Definition 8.1.1. A simplicial set is a functor X : A"'^ — t- Sets. A morphism between 
simplicial sets is a natural transformation. The set ^(["i]) is called the set of i-simplices 
ofX. 

Example 8.1.2. The n- simplex, written A", is the representable functor given by 
A'^([i]) = HomA([i], [n]). Given an ra-simplex A" — )• X, the jth face is the (n — 1)- 
simplex opposite the jth vertex. 

Example 8.1.3 (The nerve of a category). Given any small category Z, one can 
define a simplicial set called the nerve of Z. The 0-simplices are the objects of Z, the 
1-simplices are the morphism of Z, and the A;-simplices are diagrams of the form 



„ /o „ Jk-l 

Zq Zi ^ • • • ^ Zfc. 
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For < i < k, the ith face map is given by composing fi and fi-i- The other face 
maps 'forget' the 0th or {k — l)st morphism. For all < i < k, the ith degeneracy map 
is given by introducing the morphism idz^ : Zi ^ Zi. 

Example 8.1.4. For < i < n we let A" be the simphcial set obtained by deleting the 
face opposite the ith vertex of the n-simplex. We call A" the ith horn of A". When 
< i < n, we call A" an inner horn. 

Definition 8.1.5. Let A" — )• C be a map of simplicial sets. If there exists a map 
A" — )• C making the following diagram commute 




we say that the horn A" — )• C can be filled. 

Definition 8.1.6. If for all n > 0, any horn A" — )• C can be filled, we say that C is 
a Kan complex. If any horn can be filled for < i < n, we say that C is a weak Kan 
complex, an co-category, and a quasi- category. (The three terms are synonymous, and 
all in common usage.) 

Example 8.1.7. If C is the nerve of a small category, we can fill A^ because we can 
compose any two functions. To be able to fill Aq or Ag means we can find inverses 
to any function. Intuitively, the difference between a Kan complex and a weak Kan 
complex is that the former is a groupoid, while the latter is one in which composition 
is defined (up to homotopy). 

Example 8.1.8. Given any topological space X, one can define the simplicial set of 
singular chains on X, Sing(X),, whose n-simplices are continuous maps of the standard 
n-simplex into X . This is a Kan complex. 



Example 8.1.9. One can show that, if the horn-fillings in Definition 8.1.6 are unique 
for every inner horn, then C is the nerve of a category. Hence one already sees that a 
weak Kan complex (where horn-fillings are not necessarily unique) describes a flimsier, 
more general notion of "category," in which compositions are not unique. 

Definition 8.1.10. Let C be an oo-category. Then we call the 0-simplices of C the 
vertices, or objects, of C. We also call the 1-simplices the edges, or the morphisms, of 
C. We call A;-simplices k-morphisms. 

A functor, or oo -functor, between two quasi-categories is simply a map of simplicial 
sets. 

Example 8.1.11. Let C be the nerve of an ordinary category, and let Spaces be the 

oo-category of topological spaces. Then a functor from C to Spaces takes commutative 
diagrams in C to homotopy commutative diagrams in Spaces. 

8.2. Mapping spaces. For a quasi-category C, there are several equivalent models for 
the space B.onic{X,Y), and we use the following. 
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Definition 8.2.1. Given two objects X,Y in C, let ]iomc{X,Y) be the simplicial set 
whose /c-simplices are maps A'^^"^ — t- C such that {k + l)st face of A'^^^ is sent to the 
object X, and such that the {k + l)st vertex is sent to the object Y. (The face and 
degeneracy maps are defined in the natural way.) We call this the mapping space from 
X to Y. 

It is not hard to justify the terminology mapping space: 

Proposition 8.2.2. If C is a quasi- category, then for all objects X,Y £ C, Homc(X, Y) 
is a Kan complex. 

Proof See Proposition 1.2.2.3 of |LTop06| . □ 

There is another model for the mapping space, given by labeling vertices dually. That 
is, we can define a Kan complex Hom^(X, y) to be simplicial set whose fc-simplices 
are maps A'^"'"^ — )• C where the 0th vertex is X, but whose 0th face is the degenerate 
n-simplex at Y. The choice of models is inconsequential: 

Proposition 8.2.3. Homc(X, y) is homotopy equivalent to Hom£(X, y). 

Proof See Remark 1.2.2.5 and Corollary 4.2.1.8 in |LTop06| . □ 

8.3. Limits and terminal objects. Now we discuss the notion of (homotopy) limits 
and colimits in the language of oo-categories. The homotopical flexibility is built into 
the oo-category framework. 

Definition 8.3.1. Let A and B be two simplicial sets. The join from A to B, denoted 
A-k B, is the simplicial set defined as follows. The set of n-simplices is given by 

iA*B)[n] = A[n]\jB[n] [J A[i] x B[j]. 

i+j=n—l 

The kth. boundary map for an n-simplex (a, b) G A[i] x B[j] is given by taking (dfeO, b) 
ii k < i, and by taking {a,dk-i-ib) for k > i. When a (or b) is a zero-simplex, the 
corresponding boundary map merely forgets a (or b). 

Note that if ^ is a point, then A -k B is the cone over B. So if Z) : — ?• C is a 
diagram in C, a map A * B ^ C restricting to D along B yields an object living over 
the diagram D. Similarly, a map A^ ★ i? — )• C restricing to D over B would be a map 
between two objects living over D. This prompts us to define 

Definition 8.3.2. Let D : B ^ C he a diagram in C, and let sSet£,{A-k B,C) be the 
simplicial set of all maps (p : A-k B ^ C such that (j)\B = D. We define a simplicial set 
Cd by the identity 

s5ei(A",CD) = s5eiD(A"*5,C) 

with the obvious face and degeneracy maps. We call C/j the category of objects living 
over D, or the over- category when the context is clear. 
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Definition 8.3.3. A terminal object X in a quasi-category C is a vertex X £ C such 
tliat tiie forgetful map Cx — ^ C from tlie overcategory to C is a trivial Kan fibration. 
Tliat is, if the right lifting problem 

Q^k ^ Cx 

/ 

Y / I 



can always be solved. 

Remark 8.3.4. Let us restrict our attention to maps dA^ — )• Cx such that the com- 
position dA^ — )• Cx — )• C is constant, with image X' . Then the condition of being a 
trivial Kan fibration guarantees that the mapping space Homc(X',X) is contractible. 
The following assures the converse: 

Proposition 8.3.5. If C is a quasi-category, X £ C is a terminal object if and only if 
Homc(X',X) is contractible for all objects X' £ C. 

Proof See Proposition 1.2.12.4 of |LTop06| . □ 

Definition 8.3.6. Fix a diagram D : B ^ C. We say that X G Lag^) is a limit for D 
if it is a terminal object in Lag^. 

Remark 8.3.7. In ordinary category theory, terminal objects are unique up to unique 
isomorphism. In a quasi-category, any two terminal objects are unique up to a con- 
tractible choice of isomorphisms. 

Example 8.3.8 (Kernels). We define a zero object of C is an object which is both 
initial and terminal. Then a kernel to a map P : Lq ^ Li is a limit to the diagram D, 
which we depict as 

Lo 
p 

Y 

^Li. 

8.4. Dual notions. To speak of initial objects, and colimits, all we need is to define 
the opposite of a quasi-category. In general, we can define the opposite of a simplicial 
set. 

Definition 8.4.1. Let C be a simplicial set. Then the opposite of C, written C°^, is 
given on objects by C°P([n]) = C([n]). On morphisms, 

dr.CP{[n])^aP{[n-l]) 

is given by 

dn-i : C{[n]) ^ C{[n - I]) 
and likewise for the degeneracy maps Sj. 

Example 8.4.2. When C = A\ with non degenerate edge X and vertices do{X) = Xq, 
di{X) = Xi, C°P has the same simplices, but do{X) = Xi, and di{X) = Xq. This shows 
that, in general (as one would expect) the directions of the morphisms are reversed. 
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Example 8.4.3. Given a 2-simplex 



B 



C 




A 



in C, the corresponding 2-simplex in C°P can be drawn as 



B 



C 




A 



which simply asserts the existence of a homotopy from the composite C — )• i? — )• yl to 



Definition 8.4.4. Given an oo-category C, an initial object X is a terminal object of 
C°P. Similarly, given a diagram D, a colimit to D is a limit to D°p in C°^. 

8.5. The simpHcial nerve. This section is not necessary for reading the present work. 
However, the idea of the simplicial nerve inspired the definition of our quasi-category, 
so we include it here. 

Given any fibrant simplicial category C (a category enriched over Kan complexes) 
one can form a quasi-category C. This is done by taking the simplicial nerve. This in 
fact gives an equivalence between the model category of quasi-categories and simplicial 
categories. (See |B06] .) One should consider the simplicial nerve and the original 
simplicial category equivalent. For instance, one can prove: 

Proposition 8.5.1. Let C be the simplicial nerve ofC. Then for all objects X,Y, the 
space Homc(X, y) is homotopy equivalent to C{X,Y). 

In this section we discuss the simplicial nerve construction in some detail. We hope 
this may motivate the factorization conditions placed on Lagrangian cobordisms, which 
were inspired by this construction. 

Remark 8.5.2. This section closely follows Lurie |LTop06| . In other literature, what 
we call the simplicial nerve is also called the homotopy coherent nerve. It is also a 
special case of Boardman and Vogt's W construction for simplicial operads. 

Let sSet denote the category of simplicial sets and sCat that of simplicial categories 
(an object of sCat is a category enriched over simplicial sets). There is an adjunction 

e: : sSet ^ ^ sCat : N 

where <t is the rigidification functor and is the simplicial nerve or coherent nerve (see 
also [D509| ). 

If C is a fibrant simplicial category (a simplicial category whose morphism simplicial 
sets are Kan complexes), then the simplicial nerve N{C) is an oo-category. 

We will not describe the rigidifcation (t in general, but just enough to recall the 
construction of the simplicial nerve A^. 



A. 
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Definition 8.5.3. Given integers < i < j, let Pij be the partially ordered set whose 
elements are subsets of C N containing i and j and whose ordering is given by 
inclusion. Viewing this partially ordered set as a category, we let N{Pij) denote the 
nerve of Pij . 

Example 8.5.4. Here are some small examples of Pij. 

(1) If i = j or i + 1 = j, then Pij is a category with the single object {i} or + 
and no non-identity morphisms. 

(2) If i + 2 = j, then Pij is a category with two objects {i, i + 2}, + l,i + 2} 
and a single non-identity morphism 

{i, i + 2} > + + 2}. 

(3) li i + 3 = j, then Pij can be depicted as two glued triangles 

{i, i + 3} ^ + + 3} 

Y 

{i,i + 2,i + 3} ^ {i,i + l,i + 2,i + 3}. 

Remark 8.5.5. In general for i < j, the category Pij can be depicted as a simplicial 
decomposition of a fe-cube where k = i — j — I. The 2^ vertices of the cube are in 
bijection with the ways to choose a subset of C Z containing i and j. 

Let A" denote the n-simplex as a representable simplical set. One defines the sim- 
plicial category £[A"^] to consist of tt, -|- 1 objects labeled 0, 1, . . . , n, with morphisms 

(t[A'^]{i,j)=Pij, f0Ti<j, 

and no morphisms from i to j, for i > j. Composition is induced by unions of sets 
where we regard an element of Pij as a subset of Z. 

Remark 8.5.6. Here we are thinking of the category Pij as a simplicial set by taking 
its nerve. 

Definition 8.5.7 (Simplicial Nerve). Given a simplicial category C, its simplicial nerve 
C = N{C) is the simplicial set defined by the property 

Hom,5et(A", C) = Hom,Cat(£[A"],C). 

In other words, an n-simplex in C is a functor of simplicial categories £[A"] C. 

For any arbitrary simplicial category this gives an arbitrary simplicial set. It is not 
hard to verify 

Proposition 8.5.8. When C is a fibrant simplicial category, C is a quasi-category. 

Here are some examples of low-dimensional simplices in the simplcial nerve C = N{C). 

Example 8.5.9 (0-simplices and 1-simplices) . The 0-simplices (or vertices) of C are 
the objects of C. The 1-simplices in C are the 1-morphisms in C. 
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Example 8.5.10 (2-simplices). A 2-simplex in C is the following data: three objects 
xo,xi,X2, three 0-morphisms foi xq — >■ xi, /12 : xi — >■ X2, and /02 : xo — >■ X2, and a 
1-morphism /02 =^ /12 o foi- We will alternatively depict this either as the segment 



{0,2} >{0,1,2} 



inside of C{xo,X2) given by the above data, or as the solid rectangle of compositions 
and homotopies the segment parameterizes: 




Example 8.5.11 (3-simplices). Similarly, a 3-simplex is a choice of objects Xj, for 

< i < 3, along with morphisms fij, for < i < j < 3, and coherent homotopies 
among their compositions. Again, we will depict this in two alternative fashions. First, 
we can draw the triangulated square inside of C{xo, X3) given by the above data 



{0,3} -{0,2,3} 




{0,1,3} -{0,1,2,3} 



Here each vertex represents a composition of morphisms (for instance, the vertex 
{0, 2, 3} represents the composition /230 /02), and the higher simplices represent homo- 
topies between the compositions. Alternatively, we can extend this diagram vertically 
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and draw the compositions it parameterizes 



3^3 




For clarity, we have drawn the above picture as two disjoint prisms, but one should glue 

them together above the common rectangle living over the edge {0, 3} — t- {0, 1, 2, 3}. 

One should note that there are some rectangles in the picture whose horizontal edges 
are drawn without arrowheads; these correspond to the trivial homotopy between the 
morphisms along their vertical edges. 

9. Appendix: Hamiltonian isotopies as cobordisms 

9.1. Deformations of Lagrangians. Let (M, cj) be a symplectic manifold. Write 

C°°{M) for its smooth functions, and C^'^{M) for its locally constant functions. 

Recall that the first-order symmetries of (M, u) in the form of vector fields Vect(M, u) C 
Vect(M) preserving the symplectic form fit into the exact sequence 



^C°°(M)/C''^(M) ^^Vect(M,w) ^-^iJi(M,M) ^0 
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where Lo{6{f), — ) = df, and q{v) = [uj{v, —)]. In other words, under the isomorphism 

Vect(M) — ^Jli(M) v\ ^Lo{v,-) 

given by the symplectic form, the above sequence is nothing more than the standard 
sequence 

nl, (M) nil (M) > (M, M) > 

Next, fix a Lagrangian submanifold L C M. Recall that first-order deformations of 
L as a Lagrangian submanifold are given by closed one-forms which fit into the exact 
sequence 

^ C'^{L)/C^%L) nli{L) H\L,R) > 

Implicit in this is the identification, via the symplectic form, of the cotangent bundle 
T*L with the normal bundle A/lM = TM\l/TL. 

If M is exact with primitive one-form a so that da = lj, and L is exact so that 
[all] = G H^{L,'M.), then exact one-forms 

nUL)c^C^{L)/C^'^{L) 

give the first-order deformations of L as an exact Lagrangian submanifold. 

9.2. Hamiltonian isotopies. We begin by reviewing the ways to describe an isotopy 
of exact Lagrangian submanifolds. 

Definition 9.2.1. An isotopy of exact Lagrangians of M is a submanifold £ C M x M 
such that the projection p : £ — >■ M is a stratified submersion and each fiber Ct = P~^{t) 
is an exact Lagrangian. 

Remark 9.2.2. By Thom's Isotopy Lemma, we can lift the vector field dt to show 
that all of the fibers of an isotopy of exact Lagrangians are equivalent to each other. 

Given an isotopy of exact Lagrangians /3 C M x M, we can encode its first-order 
behavior at a point {£, t) G £ as follows 

T^^)C/Te,Ct G Hom(M, A/'r.M) ~ Mct^ (g) 

Here we write for the dual of M, which we keep around in order for the formulation 

to be transparently canonical. 

We conclude that an isotopy of exact Lagrangians £ C M x M canonically defines a 
section 

/?£ Gr(AAr£,M®M^) 

Now using the symplectic form to identify MctM ~ T*jCt, we can regard Pc as a section 

of T*Ct over C. 

Definition 9.2.3. An isotopy C C M x M of exact Lagrangians is Hamiltonian if there 
is an energy function E : C ^ such that the differential dE restricted to the foliation 
TCt C TC is equal to pc- 

Lemma 9.2.4. All isotopies of exact Lagrangians are Hamiltonian. The energy func- 
tion is unique (locally) up to the addition of the pullback of a function M — >■ M^. 
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Proof. Follows from basic deformation facts recalled above. □ 

Suppose £ C M X M is a Hamiltonian isotopy of exact Lagrangians with energy 
function E : C ^ M^. Then we obtain a natural embedding 

C ^ M X R X ~ M X r*M 

and can view C submanifold of M x T*R. 

To reflect the dependence of the above embedding on we will write Ce for its 
image. From this perspective, E is nothing more than the integral of the projection 

Ce ^ M X r*R rv. 

Lemma 9.2.5. Ce is an exact Lagrangian submanifold of AI x T*R. 

Proof. The fact that Ce is Lagrangian is a local exercise. Since Ce is diffeomorphic to 
£ X R, its exactness follows from that of £o- C 

9.3. Hamiltonian cobordisms. Fix to < ti £ R, and for i = 1,2, consider an exact 
Lagrangian Lj C M with function /j : Lj — )• R such that al^. = dfi. 

We will regard M x T*R as an exact symplectic manifold with respect to the one- 
form (3 = a + ^dt. In what follows, given subsets L C M, S" C R, we will write L x S 
to denote the corresponding subset of M x T*R where we regard R as the zero section 

of r*R. 

Definition 9.3.1. A Hamiltonian isotopy £ C M x R of exact Lagrangians with energy 
function : £ — )■ R^ defines a Hamiltonian cohordism from (Lq, /o, to) to (Li, /i, ti) if 
for some small e E R, we have 

^s|(-oo,io+e) = ^0 X (-00, *o + e) 
^E\{tT,-t,oo) = Li X {ti - e, oo) 
and there is a function fc^ ■ Ce — R such that /3|£g = dfc^, fcsl^to = foi and 
fCel^ti = fl- 

Remark 9.3.2. Note that if the function fc^ exists then it is unique. 

Remark 9.3.3. Observe that for any 6 G R, by taking the function fc^ + b, we can 
just as well regard Ce as providing a Hamiltonian cobordism from (Lo,/o + b,to) to 
(Li,/i + 6,ti). 



Remark 9.3.4. Observe that Definition 9.3.1 in particular imposes that 

E\{-oo,to+€) = = -E|(t-L-e,oo)- 

Conversely, this implies that £ is constant over the two intervals. 

Remark 9.3.5. Suppose that we replace E by the modified energy function E = E + c, 
where c : R — t- R^ is any function interpolating between 

c|(-oo,to+e) = = c|(fj_e^oo). 

Then £ ^ will coincide with £ e , but will now provide a Hamiltonian cobordism from 
(Lo,/o + bo, to) to (Li,/i + bi,ti), where bi - bo = J^c{t). 
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9.4. Hamiltonian morphisms. In order for a Hamiltonian cobordism Ce to define a 
morphism, one needs that there exists c > such that jCe + cdt is disjoint from A x M. 

Definition 9.4.1. Given a a Hamiltonian cobordism jOe C M x T*M from {Lo,fo,to) 
to (Li, we call the locus £sn(AxR) cMx T*1R its critical points, and the 

image E{Ce n (A x R)) C its critical values. 

Remark 9.4.2. Note that if Lq or Li intersects A, then G will be a critical value 
of any Hamiltonian cobordism Ce between them due to the boundary requirements on 
Ce. 

Proposition 9.4.3. Suppose the critical values E{Ce n (A x R)) are hounded from 
below. Then there exists c > such that Ce + cdt is disjoint from A x R. 

Proof. Immediate from definitions: take c greater than the absolute value of the mini- 
mum of the critical values. □ 

We conclude that the natural class of Hamiltonian isotopies of exact Lagrangians 
for our story are Hamiltonian cobordisms >Ce C M x T*M. whose critical values are 
bounded from below. 

Definition 9.4.4. Suppose a Hamiltonian cobordism Ce C M x r*R from (Lo,to) to 
(Lijti) has bounded from below critical values. Then we call the resulting morphism 
in Hom(Lo,Li) a Hamiltonian morphism. 

Remark 9.4.5. One should be careful to note that not all Hamiltonian morphisms 
are invertible. It is simple to give examples by constructing Hamiltonian cobordisms 
whose critical values are not bounded from above. 

Example 9.4.6. Take M = k = Lq = L\ = pt. Then /o, /i are simply constants in M. 

9.5. Higher Hamiltonian morphisms. It is possible to extend the preceding discus- 
sion to higher dimensional families of isotopies. Namely, repeating the above definitions 
gives the notion of a Hamiltonian (1 + n)-morphism. 

Here is a brief account with an application to invertibility. 

Definition 9.5.1. A -family of isotopies of exact Lagrangians of M is a submanifold 

£ C M X R X A'^ such that the projection p : £ — )• M x A" is a stratified submersion 
and each fiber Ct = p~^{t) is an exact Lagrangian. 

A A"-family of isotopies of exact Lagrangians £ C M x M x A*^ canonically defines 
a section 

/?£ G T{C, T*Ct ® M"^ ® {WY) 

Definition 9.5.2. A A'^-family £ C M x R x A" of isotopies of exact Lagrangians is 
Hamiltonian if there is an energy function E : C ^ R^ ® (M")^ such that the differential 
dE restricted to the foliation TCt C TC is equal to /?£. 

All A'^-family of isotopies of exact Lagrangians are Hamiltonian. The energy function 
is unique (locally) up to the addition of the pullback of a function M x A" — >■ . Given 
an energy function, we obtain a natural embedding 

C > M X M X A" X X (M")^ ~ M x r*M x r*A" 
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and thus can view C as a submanifold of M x r*M x J'*A" which we wih denote by 

Now fix a point a; in a boundary face A'^ C OA", and a small e > 0, and consider 
the small open normal slice 

A4(e) = {yG(A^)^nA"|||y-x||<e}. 

Definition 9.5.3. A A"-family £ C Af x R x A" of Hamiltonian isotopics of exact 
Lagrangians with energy function E : C ^ M"^ x (M")"^ is said to be collared in the 
spatial directions if for each point x, there is a small e > such that the energy function 
E is constant above Mx{^) C A". 

Remark 9.5.4. If C is collared in the spatial directions, then Ce has the following 
structure. For a boundary face A^ C (9A", and a small normal slice M/\k C (A*^)-*-, 
over the neighborhood A''' x A/"^*; C A", we have 

Ce = CE\Ak X N^k C (M X T*R x T* /S.^) x T*N^k 

where CE\/^k is a A^'-family of Hamiltonian isotopies of exact Lagrangians, and we 
regard A/^fc as the zero section of its cotangent bundle. 

Fix to <ti ^ M, and for z = 1, 2, consider an exact Lagrangian Li C M with function 
/j : Lj ^ M such that ali^ = dfi. 

We will regard M x T*R x r*A" as an exact symplcctic manifold with respect to 
the one- form /3 = a + ^dt + ^i^i ^idxi. In what follows, given subsets L C M, 5 C R, 
T C A", we will write L x 5 x T to denote the corresponding subset of M x r*M x T* A" 
where we regard M x A" as the zero section of T*M x T*A". 

Definition 9.5.5. A A"-family £ C M x R x A" of Hamiltonian isotopies of exact 
Lagrangians with energy function E : C ^ R^ x (R")^ defines a (1 + n)- Hamiltonian 
cobordism from (Lo,/o,io) to (Li,fi,ti) if it is collared in the spatial directions, for 
some small e G M, we have 

jOEli-octo+e) = LoX (-00, to + e) X A'* 
CE\(ti-e,oo) =LiX {ti - e,oo) X A" 
and there is a function /^^ : >Ce ^ M such that /3\ce = dfcsi fcslCto = fo, and 
fCsl^ti = fi- 

Finally, in order for a (1 + n)-Hamiltonian cobordism jCe C M x T*R x T*A"- to 
define a morphism, one also needs that there exists c > such that jCe + cdt is disjoint 

from A X R X A". 

Definition 9.5.6. Suppose a (1 + n)- Hamiltonian cobordism Ce <Z M x r*M x T*A^ 
from (Lo,to) to has bounded from below critical values. Then we call the 

resulting morphism in Hom(Lo,-Li) a (1 + n)- Hamiltonian morphism. 

Here is a simple application of the above definitions. 

Proposition 9.5.7. Suppose Ce ^ M x r*M is a Hamiltonian morphism with critical 
values E{Ce H (A x M)) also hounded from above. Then Ce is invertible. 
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Proof. The inverse io Ce will be the same Hamiltonian cobordism but run backwards 
in time. Note that our assumption implies that the critical values of this Hamiltonian 
cobordism are bounded from below. Then it is an easy exercise to construct a (1 + 1)- 
morphism connecting the concatenation oi Ce and C'^ (in either order) with a constant 
Hamiltonian cobordism. □ 
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